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Abstract
Having a broad understanding of functions is paramount to student success in higher math
classes, however most students fail to fully develop this concept during their high school years.
While the concept of function is multifaceted and a full understanding requires a broad knowledge
base, understanding rate of change can be considered a fundamental component of the concept.
Unfortunately, even AP Calculus students have difficulty with rate of change (Teuscher & Reys,
2012). The problem may stem from the approach taken in most curricula that focus on the
correspondence view of functions rather than the covariational perspective as advocated by
researchers and the National Council of Teachers of Mathematics.
This qualitative study was a probe into student reasoning about rate of change within the
covariational framework developed by Carlson, Jacobs, Coe, Larsen, and Hsu (2002), and the
effectiveness of a series of computer programming activities on students’ reasoning abilities. The
study was conducted at a public urban high school in the southwest United States with 15 student
and 2 teacher participants from two ninth grade Algebra I classes. Students were given a preassessment prior to completing a series of activities in which they used the VPython programming
language to write code that would produce graphs for given data sets and scenarios. Afterwards,
the students then completed a post-assessment to measure changes in reasoning.
Overall, student participants had an impoverished understanding of rate of change with
reasoning at the lowest levels of the covariational framework. In addition, while the activities did
not produce a significant change in student reasoning, it appears that they were somewhat effective
in improving student reasoning in the context of linear functions and in bringing students’
covariational reasoning to the forefront. With subsequent revision and iterations, the lessons may
develop into an effective means of teaching rate of change from a covariational perspective.
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Chapter 1: Introduction
Functions serve as a unifying thread throughout the secondary mathematics curriculum and
developing a robust understanding of functions is critical to student success in subsequent
mathematics courses (Carlson, Jacobs, Coe, Larsen, & Hsu, 2002; Orton, 1984; Thompson, 1994;
Ubuz, 2007). However, researchers have shown that students at various levels of education have
difficulty with functions and are thus ill-prepared to study higher level math. Student difficulties
include determining what is and what is not a function (Malik, 1980; Vinner, 1983), confusion
over one-to-many and many-to-one correspondences (Leinhardt, Zaslavsky, & Stein, 1990), and
difficulty moving between representations of a function (Lobato & Thanheiser, 2002). Of
particular concern is the impoverished understanding of rate of change, particularly varying rate
of change, that many high school students exhibit, even those enrolled in AP Calculus (Teuscher
& Reys, 2012; Ubuz, 2007).
The reason for students’ impoverished understanding may stem from the treatment of rate
of change in the secondary curriculum. Students’ first formal instruction in rate of change
normally occurs in their introductory Algebra course, although the foundation of the concept is
developed in the years prior to this through rational and proportional reasoning. In Algebra I, the
majority of the curriculum is focused on the development of the linear function model. In
particular, students’ ability to translate between graphs, tables, equations, and scenarios guides
much of what is done in the classroom. The linchpin that ties these representations together is rate
of change, although that term is seldom used in lieu of slope. Algebra I teachers spend an
inordinate amount of time teaching students how to determine slope from the different
representations to create other representations, however the term rate of change in normally only
used when discussing contextual situations, and in that case, is often described as a synonym of
slope. For instance, in my observations of classroom teachers in my role as a math instructional
coach, it was quite common for teachers to present students with contextual data tables, such as
the amount of money in a bank account over time. The students would then be asked to determine
1

the time it would take for the bank account to reach a certain level of funds or, less often, the rate
at which the person was saving money. Although some students would approach the first question
through covariation by extending the data table using arithmetic, the “correct method” given by
the teacher was to use the slope formula in order to determine the function rule and then use the
rule to determine the amount of time. For the latter question on rate of change it was quite common
for the teachers to instruct students that the slope is the rate of change without any explanation or
exploration into the idea. So it is not surprising that for many students their later recollection of
rate of change is restricted to slope and the linear functions of Algebra I (Teuscher & Reys, 2012).
The Algebra I curriculum also delves into exponential and quadratic functions which would
allow for deeper exploration of the rate of change concept, however, it is normally absent from the
student’s experience. Instead, the Texas standards and hence classroom instruction are again
focused on the different representations and translating between them. For exponential functions,
students are expected to determine domain and range, interpret the meaning of the function
parameters, and identify key features of the graph aside from rate of change. The study of
quadratic functions is likewise restricted to domain and range, the various forms of quadratic
functions, determining the roots, and identifying features of the graph (Texas Education Agency,
2012) and is devoid of the development of rate of change. The opportunity exists for developing
rate of change as well as a deeper understanding of the required topics such as why a quadratic
graph bends the way it does and why an exponential function is so different from a quadratic
through the lens of rate of change.
The subsequent Algebra II and Precalculus courses do little for the development of student
understanding in regards to rate of change where the focus is on the shapes of graphs and
identifying critical points (Herbert & Pierce, 2008). A search of the Texas state mathematics
standards results in two student expectations regarding rate of change, one in Algebra I and one in
Algebraic Reasoning (Texas Education Agency, 2012). In Calculus, rate of change reappears and
becomes the centerpiece of instruction but, lacking a sound understanding, leaves many students
struggling to understand the key concept of the derivative. If students are to develop the necessary
2

understanding prior to Calculus then rate of change, both linear and non-linear, should be studied
throughout the high school curriculum.
What is needed is a series of lessons that can be used in the Algebra I classroom to begin
to develop student understanding of rate of change without neglecting the required state
curriculum. This study is meant to be a first step in that direction. This classroom design
experiment (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003) is intended to be the first iteration
in the development of a sequence of lessons that guides students in an exploration of rate of change,
both constant and varying, through the lens of the covariational framework developed by Carlson,
Jacobs, Coe, Larsen, and Hsu (2002). When viewed as a possible learning trajectory, the
covariational reasoning framework (Carlson, et al., 2002) moves from a discrete analysis of the
direction and amount of change in the variables to a continuous consideration of the average and
instantaneous rate of change. Not only would such movement through the learning trajectory most
likely occur over a long period of time, it would also involve a large number of smaller details
both within and between the various reasoning levels as to make a study of the entire framework
unfeasible. Therefore, in order to create a feasible study, this project is constrained to the discrete
approach of the first three reasoning levels. The lesson tasks of this study required students to
write computer code in VPython to produce graphs of given tables or to recreate supplied graphs.
VPython is a Python programming language which includes a graphics module. This
enables the user to easily produce 3D and 2D objects such as graphs with only a few lines of code.
By determining the pattern of change in a two variable table using a covariational approach, the
students can then translate that pattern into variable declarations in the program which will then
produce the graphical representation. The idea is that by focusing on the changes in the variables,
writing the programming code will focus students’ attention on covariation.
These lessons were implemented to investigate the following research questions:
1. How do Algebra I students reason about rate of change?

2. In what ways does a discrete covariational approach to functions, through computer
programming, affect student understanding of rate of change?
3

Chapter 2: Review of the Literature
In a 2010 document, the National Council of Teachers of Mathematics (NCTM) listed a
covariational approach to functions and the related understanding of rate of change as a “Big Idea”
of understanding functions (Cooney, Beckmann, & Lloyd, 2010, p. 23). The call for including
covariational along with the traditional correspondence understanding is a shift in policy that is
guided by mathematics education research (Carlson, Jacobs, Coe, Larsen, & Hsu, 2002; Confrey
& Smith, 1994; Saldanha & Thompson, 1998).

Prior to this NCTM publication (Cooney,

Beckmann, & Lloyd, 2010), the concept of covariation was being debated and refined by leading
researchers and the implications for teaching and learning were being studied in the field. This
review will provide an overview the development of the concept of covariation, rate of change in
mathematics education, the tie between covariation and rate of change, and the treatment of both
in the Algebra I curriculum. Finally, a brief discussion of technology use in mathematics
instruction will be discussed.
2.1

TWO APPROACHES TO FUNCTIONS

2.1.1 The Correspondence Approach
Discussion in the literature concerning the nature of functions can be classified into two
distinct views – correspondence and covariation. The correspondence view is the dominate view
in traditional curricula but there have been calls to shift the focus to a covariational approach over
the past two decades. The arguments in favor of a covariational view are that it is more accessible
to students, is more aligned with the historical roots of the function concept (Confrey & Smith,
1994; Malik, 1980), and is closely linked to the critical concept of rate of change.
A correspondence view of functions is the traditional approach that focuses on the rule
relating values of the domain to values of the range and is the most common approach used in
textbooks and classrooms (Leinhardt, Zaslavsky, & Stein, 1990). This view springs from the
modern definition of function (Malik, 1980) as a rule that assigns every element in the domain a
unique value in the range (Confrey & Smith, 1994). Instruction using this approach tends to focus
4

on determining if a relation is a function based on the uniqueness property, determining the missing
element of the domain or range given the corresponding value and the rule, and creating an
algebraic function rule from a graph or table (Leinhardt, Zaslavsky, & Stein, 1990). Malik (1980)
argues that the use of the modern set-theoretical definition as the basis of instruction makes the
concept abstract and doesn’t tap into the intuitive understandings of functional relationships that
students may have, particularly when the function is modeling a real-world phenomenon.
Developing a robust understanding of functions includes being able to view them through
a correspondence approach (Confrey & Smith, 1994), however it is not sufficient and lends to
other difficulties and misconceptions identified in the literature. The focus on distinguishing
functions from relations leads to the misconception that functions must be “nicely” shaped graphs
which excludes discrete, piece-wise, and discontinuous graphs as well as confusion over one-tomany versus many-to-one relations (Leinhardt, Zaslavsky, & Stein, 1990). In addition, the
importance placed on determining the rule leads many students to believe that all functions can be
modeled by a single algebraic expression (Carlson, 1998; Clement, 2001).
The traditional approach to functions has also neglected the development of students’
understanding of rate of change as evidenced by numerous studies (Carlson, Jacobs, Coe, Larsen,
& Hsu, 2002; Herbert & Pierce, 2008; Teuscher & Reys, 2012; Thompson, 1994) . Most recently,
Teuscher and Reys (2012) investigated whether the curriculum (reform oriented integrated or
traditional single subject) that students enrolling in AP Calculus experienced influenced their
understanding of rate of change. Students were given the Pre-Calculus assessment developed by
Carlson, Oehrtman, and Engelke (2010) and the results showed that both groups held an
impoverished understanding of rate of change. Both groups of students could determine the rate
of change for linear functions but had difficulty dealing with varying rate of change in non-linear
functions, a concept that is crucial to success in Calculus (Teuscher & Reys, 2012).
These misconceptions and difficulties in dealing with functions can be attributed to the
traditional correspondence approach to functions which begins in a first-year Algebra I course.
But would shifting to a covariational approach ease student’s introduction to functions? Confrey
5

and Smith (1994) argue that such an approach to functions is more intuitive to students and
therefore an easier approach to functions. Lienhardt, Zaslavsky, and Stein (1990) echo this idea,
stating that young children possess intuitive ideas about functional relationships that have been
developed through global perceptual observations of the physical phenomena that surround them
every day (e.g., the change of temperature over time). Features of this intuitive knowledge base
include notions about dependence, causality, and variation. Children notice that certain things "go
together" in the real world and expect that things will change over time and that there will be some
pattern to that change. (p. 28)
The idea that young people could explore functions naturally from a covariational view
was confirmed by Ellis (2011). The participants of her study were middle school students that had
not yet taken Algebra nor had formal instruction in functions. When presented with scenarios,
both linear and quadratic, the students initially entered the problems from a covariational
perspective and could successfully complete the tasks. Although covariation offers an intuitive
way for students to approach functions, Ellis (2011) points out that it is context dependent. To tap
into students’ prior knowledge, they must have previous experience with the objects or be offered
the opportunity to directly experience it during the task.
Confrey and Smith (1994) also posit that a covariational view may lead to a correspondence
perspective thereby filling the need for a flexible view of functions. This was also confirmed by
Ellis (2007). 7th grade students investigated gear ratios through a hands-on experiment where they
constructed tables based on the number of rotations that different gear combinations made. Ellis
(2007) found that although students initially entered the problems through covariation by
analyzing the changes down the columns, they could eventually write algebraic expressions for
the correspondence between the columns. In addition, when presented with a new scenario these
students could utilize both views to make sense of the problem.

6

2.1.2 The Covariational Approach.
The covariational approach to functions was brought to the forefront by Confrey and Smith
(1994) who argued that such an approach is both more accessible to students and more powerful
than the correspondence approach. They base their argument on previous investigations on how
students think when working through a task. They found that students tended to fill in a table by
moving down the columns through repeated actions, such as adding 1 to the x-values and
multiplying the y-values by 3 based upon contextual information. This is opposed to the traditional
method of using the problem to determine how to operate on an input value to produce an output
and then repeating the input-output rule for the remainder of the table which is a correspondence
approach. Confrey and Smith termed the former a covariational approach, and defined it as the
ability to “to move operationally from ym to ym+1 coordinating with movement from xm to xm+1”
(Confrey & Smith, 1994, p. 33).
For Confrey and Smith (1994) a table is a juxtaposition of two sequences determined by
independent operations (e.g. arithmetic and geometric for an exponential function). By attending
to the ways in which the sequences are built, the authors argue that students will develop a unit of
two values that can then be operated on in tandem, albeit with possibly different methods. For
instance, given table 2.1 a student would recognize the x column as a +1 pattern and the y column
as a ×3 pattern. This would allow the students to begin to operate on pairs of numbers in tandem
such as knowing the next set would be 3+1 and 27×3. By unitizing the operations, students could
then begin to determine characteristics of the function such as the general shape of the graph. Such
a covariational approach naturally uncovers rate of change which will be discussed in a later
section.

7

Table 2.1: Arithmetic Sequence Juxtaposed with a Geometric Sequence
x
1
2
3
4

y
3
9
27
81

Other researchers picked up the idea of covariation and expanded or refined the concept.
Saldanha and Thompson (1998) argued that while Confrey and Smith’s (1994) approach to
covariation was effective in utilizing tables for point to point analysis, the concept needed to be
expanded to build a theory of how students might “see” covariation over a subdomain of the
function. Their argument focused on coupling the quantities to produce a multiplicative unit which
the student can then use to mentally move through values of the function. They defined covariation
to be the ability of “holding in mind the sustained image of two quantities values (magnitudes)
simultaneously” (Saldanha & Thompson, 1998, p. 298). This is akin to Confrey and Smith’s
(1994) units, however Saldanha and Thompson (1998) also posited that developing a covariational
view was developmental, moving through stages. The first stage is the coordination of the two
quantities’ values or realizing that a change in one value must have a corresponding change in the
other. This is considered a beginning stage because the student must think of the quantities in turn
and can’t attend to both at the same time. Advanced covariational reasoning would be the ability
to attend to both two values while simultaneously moving through a third quantity, time. The
authors term this continuous covariation as an advancement of the discrete covariation presented
by Confrey and Smith (1994).
It is important to note that while Saldanha and Thompson (1998) presented continuous
covariation as an advancement of Confrey and Smith’s (1994) discrete view, Confrey and Smith
(1994) do attend to the continuous perspective. They argue that by approaching functions through
the discrete analysis of units, and then interpolating between the pairs of values, the student’s
mental construct becomes dense and begins to approach a continuous view of the function’s rate
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of change. These two perspectives are not exclusive and it can be argued that both are necessary
to having a fully realized understanding of the topic.
Subsequent researchers have also commented on the discrete and continuous reasoning
distinction. Castillo-Garsow (2012) reports on a teaching experiment where two students were
given a financial problem which they then created a graph for. In a subsequent interview, the
students demonstrated very different ways of thinking about the problem. One student focused on
the jumps in the amount in the bank account after each year while another spoke of continual
change during the year. Identifying these as discrete and continuous reasoning respectively,
Castillo-Garsow (2012) referred to them as “chunky” and “smooth” which has been repeated by
other researchers (Johnson H. L., 2015). Although these may be very fine lay terms for discrete
and continuous covariational reasoning, they may have non-mathematical connotations which may
not be helpful, so these terms will not be used in this study.
2.1.3 Covariational Reasoning
Carlson, Jacobs, Coe, Larsen, and Hsu (2002) further developed the concept of covariation
into a framework for analyzing students’ use of covariational reasoning during tasks. Their
framework consists of the five levels presented in table 2.2 along with corresponding mental
actions and is similar to the stages of development described by Saldanha and Thompson (1998).
Table 2.2: Covariational Reasoning Levels
Level 1 – Coordination (L1)

Coordinating the changes in the two variables.

Level 2 – Direction (L2)

Coordinating the direction of change in the two
variables.

Level 3 – Quantitative Coordination (L3)

Coordinating the amount of change in the two
variables.

Level 4 – Average Rate (L4)

Coordinating the average rate of change for
uniform changes in the independent variable.

Level 5 – Instantaneous Rate (L5)

Coordinating the instantaneous rate of change for
continuous changes in the independent variable.
(Carlson, Jacobs, Coe, Larsen, & Hsu, 2002, p. 358)
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Under this framework, students exhibiting beginning covariational reasoning would be
able to identify two variables that are changing in a given situation (L1), determine the direction
of change (L2), and finally quantify the change (L3). It is important to note that quantifying in L3
does not necessarily mean assigning numerical values to the change but also includes attending to
the magnitude of the change. This follows from the discussion of quantities by Thompson (1994)
in which the author describes quantities as a quality of some object that can be, but is not
necessarily, assigned numerical values. The final two levels (L4 and L5) correspond to instruction
that is normally reserved for Calculus with students determining the average rate of change (L4)
which is the secant line on a curve and then investigating the average rate as the change in the
independent variable goes to 0, thus producing the tangent line whose slope is the instantaneous
rate of change (L5), or derivative. This final step from L4 to L5 is akin to Confrey and Smith’s
(1994) description of students’ view of rate of change becoming denser as they interpolate between
the values of the function all while attending to a discrete analysis. The movement through the
final two levels is a shift from the ability to reason discretely between successive sets of data to
reasoning continuously about the rate of change of a function. For this reason, levels 1-3 will be
considered discrete while levels 4 and 5 are within the continuous realm acknowledging that there
is some overlap of the two as the students build the construct of rate of change.
Carlson et. al’s (2002) framework provides a useful means for diagnosing student
reasoning during a given task, but it is not prescriptive. That is to say, while the levels provide a
possible description of what “mature” covariational reasoning might look like, it may not serve as
a learning trajectory for understanding rate of change. In addition, there may be finer grained
levels that need to be explicated (Carlson, Smith, & Persson, 2003). However, the framework does
provide an efficient means for describing the reasoning of students as evidenced by the use of the
framework in a multitude of studies (for example Carlson, Smith, & Persson, 2003; CastilloGarsow, 2012; Ellis, 2007, 2011; Herbert & Pierce, 2008; Johnson H. L., 2011; Johnson H. L.,
2015) ranging from investigations of middle school (Ellis, 2007, 2011) to AP Calculus students
(Teuscher & Reys, 2012). So, for this study analysis of student thinking will utilize this framework
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as a means of simplifying the descriptions as well as determining changes in student thinking after
the instructional treatment. In addition, the term covariation will refer to the way in which two
variables change in tandem as we move down the columns of a table as opposed to correspondence
which focuses on the way the output is produced from the input, or across the rows.
2.2

RATE OF CHANGE
Although many, if not most, people have an intuitive understanding of what rate of change

means in the real world, the math education literature has not settled on a fully accepted definition.
What is agreed upon is that covariational reasoning is a critical component of understanding rate
of change, so it is understandable that the two main schools of thought as to what constitutes rate
of change stem from the same group that brought covariation to the forefront.
Confrey and Smith (1994) define a rate to be “a unit per unit comparison” (p. 153). Not to
be confounded with ratio, the authors explain that this definition is centered on the word per and
is best approached from a covariational perspective on tables of data. By attending to the changes
of the values moving down the columns of a table, the rate would emerge as a relationship of so
many of this per so many of that. The authors are explicit that the method of generating each
successive value need not be additive in nature, thus including non-linear rates of change within
this definition. As an example, Confrey and Smith discuss a table of the number of replicating
cells over time in hours. In this example, the cells replicate 9 times every hour thus the rate of
change would be ×9 cells per 1 hour. The authors point out that this goes beyond a unit rate so
that students could recognize that +3 hours would correspond with a ×729 cell increase. So,
although this definition focuses on the word per it is not the formation of a ratio that is used to
utilize a function’s rate of change but rather the covariational relationship that exists between the
varying quantities.
On the other hand, Thompson (1994) defines a rate to be ““a reflectively abstracted
constant ratio” (p. 192) thereby bringing ratio to the foreground. The central idea is that a ratio of
the changes in two quantities would remain constant throughout a set of data, or that sets of ordered
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pairs would change in proportion. This closely links rate with proportional reasoning but might
also limit discussion and investigation to linear functions as Confrey and Smith (1994) point out.
In addition, Thompson’s definition hinges on the formation of a new intensive quantity, the
construct of rate of change, and this formation is beyond the scope of this study.
Because this study will consider both constant and varying rates of change and focus on a
covariational approach, I will use Cooney, Beckmann and Lloyd’s (2010) definition of rate of
change as “the rate at which the output of the function changes in relation to a change in the input”
(p. 23).
2.3

COVARIATION AND RATE OF CHANGE IN ALGEBRA

2.3.1 Rate of change in Algebra.
The formal study of rate of change begins in Algebra I with the study of linear functions.
A great portion of the curriculum deals with determining the linear rate of change from tables,
graphs, verbal scenarios, and equations and translating from one representation to another. One
issue, however, is that the development of the linear rate of change is focused on the geometric
(slope of a line) or algebraic formula (slope formula) and students do not develop a sound
understanding of either (Barr, 1980, 1981; Stump, 1999).
2.3.2 Student difficulties with slope.
Student difficulties with slope are well documented in the literature. One of the prevalent
student difficulties deals with calculating a value of slope (Barr, 1980, 1981) which can include
such errors as having a ratio of horizontal change over vertical change or by misapplying the “slope
formula” by incorrectly substituting values. Students also have difficulty dealing with values of
slope that are not written as ratios but rather in integer or decimal form (Barr, 1980, 1981; Stump,
1999). These types of calculation difficulties may arise from an instructional focus on procedures
rather than developing a conceptual understanding. A student that is relying on memorization of
the slope formula may be more likely to make an error than one who has a better grasp of what the
slope represents. However, gaining such an understanding is not easy.
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One way of coming to understand slope is through the study of the graphs of lines, but this
introduces more student difficulties. Students display difficulty in separating the value of the
dependent and independent variable at a given point from the corresponding change in the two
variables over some interval, which is the slope (Bell & Janvier, 1981). In addition, students often
perform iconic transfer in which they believe the graph depicts a path or picture of movement.
One common error students make concerning the interpretation of slope is to view the graph of a
person’s speed as they run up and down a hill as a picture of the hill itself and not the relationship
between the two variables speed and time. Graphs may give students an opportunity to develop
an understanding of slope while avoiding the common errors of a purely algebraic approach, but
graphs are not without their own set of difficulties.
To avoid many of the common difficulties that students have shown, teachers should
approach slope from a conceptual point of view in lieu of the traditional procedural view.
However, to guide students in their concept development of slope we must know the different
conceptualizations that exist and the most likely point of access for our students.
2.3.3 Conceptualizations of slope.
Stump (1999) identified seven different representations of slope based on a survey of
secondary mathematics teachers. The seven representations are:


Geometric Ratio – Includes geometric descriptions of a graphed line such as “rise over run”
or “vertical change over the horizontal change”



Algebraic Ratio – Includes instances in which slope is defined algebraically such as

𝑦2−𝑦1
𝑥2 − 𝑥1

or the “change in y over the change in x.”


Physical Property – Includes description of the “steepness”, “slant”, “pitch”, or “incline”
to describe the slope of a line.



Functional Property – Includes references to slope as a rate of change between two
variables.



Parametric Coefficient – Includes references to the m in the equation y=mx+b.
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Trigonometric Conception – Includes references to the tangent of the angle formed by the
line and the x-axis.



Calculus Conception – Includes references to the derivative of a function.
Stump found that most in-service and pre-service teachers think of slope as a geometric

ratio but that in-service teachers also develop the conception of slope as a physical property. In a
2012 survey of state standards, Stanton and Moore-Russo found that a clear majority of states (45)
included the geometric ratio representation of slope in the standards for both required and elective
courses with functional property and algebraic ratio close behind (43).
The high occurrence of geometric ratio within state standards corresponds with Stump’s
(1999) findings in one regard but raises a question concerning in-service teachers’ addition of the
physical property as a representation when only six states include such a representation in their
standards documents (Stanton & Moore-Russo, 2012). If standards are guiding instruction, then
it would be assumed that teachers’ conceptualizations of slope would correspond to those
standards. A possible explanation for practicing teachers’ emphasis on the physical property of
slope may be from their students. In a subsequent study, Stump found that when Pre-Calculus
students were asked “what is slope?” the majority responded with an explanation that included
references to the angle, the steepness, or the incline of the line—all references to the physical
property of the graphed line (Stump, 2001b). It would appear that in-service teachers are
responding to their students’ learning experiences and are developing a construct of slope that
includes the way that students view slope in order to be more effective teachers. Perhaps by
allowing students to be introduced to slope through the physical property of steepness and angle,
the students will be more likely to develop a deeper understanding of the concept of slope and be
more easily guided to the geometric ratio representation without having to rely on memorization
and procedural knowledge. Nagle and Moore-Russo (2013) argue that this is in fact the case.
The authors argue that before formal introduction to slope students have a real-world
understanding of the concept that is often ignored. The problem is that student understanding
relies on the steepness or angle which is often left out of curricula (Stanton & Moore-Russo, 2012).
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To build on and deepen students’ previous knowledge, these researchers argue that instruction in
slope should begin with steepness and angles and progress to developing a ratio-as-measure.
Such an approach increases student understanding of slope, however, the effect on student
understanding of rate of change in general has not been investigated and such a focus on the
physical may also be why advanced students continue to link rate of change to lines and have
difficulty expanding their conception in later courses (Herbert & Pierce, 2008; Teuscher & Reys,
2012). In addition, by focusing on the physical and geometric properties teachers neglect the
functional property critical to understanding varying rates of change. This study will take the
functional property as the focus of study, with slope being a special type of rate of change. For
this reason, both linear and non-linear rates of change will be used in the instructional tasks.
2.4

TECHNOLOGY IN THE CLASSROOM
The final level in Carlson et. al’s (2002) framework is the ability to recognize the

instantaneous rate of change along a curve. This inherently includes the ability to mentally “see”
and describe how the rate of change is changing which is a common task in Calculus class—
sketching a graph of the derivative of a function. Technology exists that can construct a
visualization of this process such as graphing calculators, Geogebra, and Desmos among countless
others and the use of such technology is becoming more common in high school math classes. The
increase in technology usage in high school classes corresponds to a rapid increase in the use of
technology in students’ lives. This provides an opportunity which, in my personal experience in
the classroom and in working with teachers across my school district, has been largely neglected—
the development of student understanding of how the technology is working and shifting them
from consumers to creators. If it was possible to do this in tandem with the development of
students’ mathematical understanding, then we may have a potent recipe for engaging and
educating students.
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2.4.1 Technology in the Mathematics Classroom
The National Council of Teachers of Mathematics (2011) issued a position statement on
the use of technology in the math classroom which states that:
It is essential that teachers and students have regular access to technologies that support
and advance mathematical sense making, reasoning, problem solving, and communication.
Effective teachers optimize the potential of technology to develop students' understanding,
stimulate their interest, and increase their proficiency in mathematics. When teachers use
technology strategically, they can provide greater access to mathematics for all students.
The NCTM goes on to elaborate on the term strategic use which includes the purposeful decision
making that keeps students’ mathematical learning objectives at the center of discussion. The use
of technology should aid conceptual understanding and procedural fluency, not replace it.
There is a fine line between the use and misuse of technology in the classroom. One topic
that typifies this line is the use of calculators in class. I have had the opportunity to work with
math teachers from across my school district and calculator use is hot topic that gives rise to
passionate ideas. The spectrum of calculator use across the district ranges from an emphasis on
learning a long list of calculator “tricks” from day one to not using them at all during the semester
or school year. Neither of these approaches is in line with the NCTM (2011) position, however.
Learning calculator “tricks” does not advance students’ mathematics proficiency and keeping them
away from students does not provide “greater access…for all students” (National Council of
Teachers of Mathematics, 2011).
This idea can be expanded to all manner of technology use in the classroom. We can
provide students with technology that will graph the derivative of a function but if the students are
not asked or required to make sense of what they see then it is hard to imagine how they are going
to grow mathematically. The key here is not the tool being used, but rather how it is being used.
Pea (as cited in Sherman, 2014, p. 223) offers two metaphors to describe the use of
technology tools: amplifier and reorganizer (p. 223). As an amplifier, technology is used to
perform tasks which can be done by hand but are not the goal of the task. Examples of this include
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using a calculator for arithmetic while solving algebraic equations or generating graphs of
functions from equations to answer contextual problems. Student thinking and reasoning is not
effected by the tool use. As a reorganizer, technology aids in the changing or development of
student thinking. An example would be using dynamic geometry software, such as GeoGebra, to
investigate the effects of parameters on the graph of a function.
It is as a reorganizer that instructional tasks would advance mathematical reasoning as
supported by the NCTM (2011). So, for this study it is important that the use of technology aids
in the development of student thinking. While providing students with, say, a GeoGebra applet
that allows them to see how the rate of change changes while moving a point along a curve might
serve as a reorganizing tool it may end up being dependent upon the subsequent questioning and
discussion thus moving the focus of the study from the activities to the classroom and the teacher.
In addition, such an activity would focus on the later stages (particularly level 5) of Carlson et. al’s
(2002) framework which is beyond the scope of this study. However, analyzing rate of change
from a discrete numerical approach does uncover another aspect of technology integration that
may lead to a sequence of tasks that allows students to reorganize their thought processes as well
as develop an understanding of how the technology is working.
2.4.2 Computational Thinking
Aho (2012) stated that “[m]athematical abstractions called models of computation are at
the heart of computation and computational thinking” and that “computational thinking is the
thought processes involved in formulating problems so their solutions can be represented as
computational steps and algorithms” (p. 834). Although computational thinking encompasses
several aspects and there is not a widely agreed upon definition (Grover & Pea, 2013), this idea
may provide an engaging and effective means for developing tasks relating to students’
development of rate of change.
Weintrop, et al. (2016) identify a possible taxonomy for integrating computational thinking
in the math and science classroom. The authors identify four areas: 1) data practices, 2) modeling
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and simulation practices, 3) computational problem solving practices, and 4) systems thinking
practices, each of which is broken into a subset of skills or practices (p. 135). Under the third area
is the practice of computer programming which could be anything ranging from altering a few
lines of code to creating a full application or simulation from scratch. Regardless of level of
programming required, the authors argue that a fundamental understanding of programming is an
essential piece of knowledge in the 21st century and should be incorporated into the curriculum
wherever possible.
A fundamental aspect of the practice of computer programming is understanding and being
able to work with iterative logic (Weintrop, et al., 2016, p. 139) which can take many forms
including conditional loops. One common form of a loop is the For Loop which will iterate a set
of procedures a specified number of times. For example, one could generate the first 100 numbers
of the Fibonacci sequence by defining a For Loop that adds the two previous numbers to produce
the next term and prints out or returns the sequence. In an instructional setting, students could be
given the Fibonacci sequence, then asked to determine the pattern and write a short program to
reproduce it.
The discrete covariational approach to functions taps into computational thinking and the
logical next step is to have the students write code that produces a graph of the data. Students will
need to analyze the change in each variable, as they change in tandem, to generate the necessary
code to produce the graph. Once they run the program, they will have immediate feedback
concerning the shape of the graph and the corresponding changes in the variables, or the rate of
change. This is akin to a set of activities that I got to experience firsthand in a graduate level math
class, the iMPaCT-Math activities (Freudenthal, Lim, Kranz, Tabor, & Ramirez, 2013).
2.4.3 iMPaCT-Math Activities
The iMPaCT-Math activities are a set of activities that were developed by a team of
professors, students, and teachers (Freudenthal, Lim, Kranz, Tabor, & Ramirez, 2013) which have
students create code on the Texas Instruments TI-84 that produce points and lines according to a
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given challenge. The mathematical focus of the lessons was on understanding slope, however the
thinking and reasoning involved was covariational as students had to attend to the changes in x
and y to produce the desired graphics.
One of the teachers involved in the project found that the activities increased both
engagement and achievement in an Algebra I class (Tabor, 2014). While the author found that
there were difficulties in implementing the programming activities in the classroom, such as
student difficulty in using the built-in programming libraries, she found that the result was better
performance on a district benchmark assessment which included slope and linear functions, the
focus of the activities.
These activities would have served as an excellent resource for this project, however the
TI-84 has all but disappeared from math classrooms across the school district involved in this study
and has been replaced with the TI-Nspire which still has programming capability, albeit a different
language called Lua. I investigated the possibility of porting the activities to this new platform but
found that accessing the necessary graphical libraries and the coding interface to likely have been
a major obstacle in the tasks. The search led me to another programming platform which is used
extensively in physics education and is based on the powerful high level language Python called
vPython which will be discussed in more detail in the task design section.
2.5

CONCLUSION
The research shows that the focus of Algebra I is on slope as a geometric and physical

property with little development of the concept of rate of change which subsequently leads to
difficulty in more advanced math courses where rate of change becomes a focus of study. In
addition, approaching rate of change, and functions in general, through a covariation perspective
is a more natural approach than the correspondence view without being a detriment to the
development of the later. Researchers have shown that covariational reasoning can be classified
into developmental levels that begin with a more discrete approach and end with the ability to
reason about continuous covariation on non-linear functions, the linchpin of understanding the
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derivative in Calculus. Finally, the use of computer programming can tap into and strengthen
students’ computational thinking as well as make them more educated consumers of technology.
Thus, this study will investigate the effects of programming activities in which students approach
functions from a discrete covariational perspective as well as the ways in which Algebra I students
reason about rate of change.
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Chapter 3: Methodology
3.1

SITE AND PARTICIPANTS
The participants for this study were selected through a convenience sampling. I am

currently teaching full time and to facilitate the completion of the study I needed to select the site
and classes based on my schedule. Because this is an exploratory study and the results are not
intended to be generalized, such a sample is appropriate.
The site for this study is an urban 9-12 high school in the southwest United States. The
high school has an enrollment of 1,387 students which is comprised of 49% male and 51% female.
92% of students are of Hispanic origin with 20% identified as having limited English proficiency.
66% of the students at the high school receive free or reduced lunch and 62% are considered at
risk of dropping out of school. All students at the school have been issued laptops which will be
used in this study.
Academic indicators for the school show above average math performance within the
school district. On the Algebra I STAAR test (the state assessment system) given to ninth grade
Algebra I students, 76% of students passed in the spring of 2016 compared with 74% across the
district. Additionally, per college ready indicators from standardized tests, 39% of students are
considered college ready in terms of their mathematical knowledge. As a comparison, the
percentage of college ready students district and statewide are 33% and 38%, respectively (Texas
Education Agency, 2016).
The classes chosen to participate in the study were two Algebra I ninth grade sections.
These sections were chosen because they aligned with my conference period which would allow
me to conduct the study during class time. The teachers were chosen after a consultation with the
school’s Active Learning Leader who serves as an instructional coach for the math department.
The two teachers were identified as the most likely to be comfortable with technology and open to
participation. Teacher A is new to the campus but had taught Algebra for seven years prior to
joining the campus. Teacher B is also new to the campus but also to teaching. This is Teacher
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B’s first semester teaching aside from time spent as a student teacher. Teachers were approached
individually and I explained the study and both consented to participate.
Of the 46 total students in both classes, 36 assented to participate with 10 abstaining. The
36 students that assented were given consent forms for their parents in either English or Spanish,
determined by the student. Of the 36 consent forms sent home, 15 were returned signed by a parent
or guardian. All 15 students were present for the pre- and post-assessments as well as all four days
of the in-class activities so will be included in the results.
The 15-student sample was predominately female (73%) and Hispanic (87%). In addition,
53% of the sample are considered English language learners (ELL). This percentage is much
higher than the school population which is because one of the classes chosen is included in a
district initiative for ELL priority scheduling. This is similar to inclusion classes in special
education in that ELL students are grouped into designated classes where the teacher is offered
additional training to help support this subpopulation.
3.2

INSTRUMENTS

3.2.1 Pre- and Post-Assessment
There were four items designed for the pre/post assessment (Appendix A) with each being
aligned to a corresponding level(s) on Carlson et. al’s (2002) framework. The same paper based
assessment was used for the pre- and post- and the anticipated time for Algebra I students to
complete the assessment is about 25 minutes.
Item 1 (Figure 3.1) is intended to assess student reasoning in the frame of L1 and L2 on
the covariational reasoning framework: L1) the student coordinates the changes in two variables,
L2) the student coordinates the direction of change in two variables.
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Figure 3.1: Item 1 from the Pre/Post-Assessment
This is a matching exercise where the students should attend to the way the values are changing
(L1) along with the direction of that change (L2). Although the tables are numerical, it is not
necessary to quantify (Thompson, 1994) the changes in the x and y values to match them to the
qualitative graphs below. The graphs are qualitative to encourage the students to think about the
way that the variables are changing rather than approaching the problems from a point-by-point
analysis where they might try to plot each point to the graph. The intention is to elicit reasoning
about the rate of change.
Item 2 (Figure 3.2), which concerns hypothetical elevator descending at a constant rate, is
intended to elicit reasoning of level L3 the student coordinates the amount of change in two
variables (Carlson, Jacobs, Coe, Larsen, & Hsu, 2002). This would entail the student to attending
to the -4 on the floor number as well as the +2 on the time. The next step would be to interpolate
between the two values as suggested by Confrey and Smith (1994). This may confound the results
in terms of identifying L3 reasoning; however, the intention is to identify students that may have
the basis for moving into quasi-continuous reasoning as the interpolations become more dense.
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Figure 3.2: Item 2 from the Pre/Post-Assessment
Although this study is focused on discrete covariational reasoning which is most aligned
with L1-L3, as an exploratory study, item 3 (Figure 3.3) was included to explore students’ ability
to reason along the lines of L4) coordinating the average rate of change for uniform changes in the
independent variable and L5) coordinating the instantaneous rate of change for continuous changes
in the independent variable.

Figure 3.3: Item 3 from the Pre/Post-Assessment
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For item 3, students are presented with a position versus time graph. The context of a car’s position
changing over time was chosen because that is something that most, if not all, students can relate
to and therefore prevents contextual barriers as pointed out in Thompson (1994). The students are
then asked a series of questions that require them to reason about the rate of change (speed in this
context):
a) When was the car moving the fastest? How do you know?
b) When was the car moving the slowest? How do you know?
c) Describe the speed of the car between 0 and 14 seconds.
d) Describe the speed of the car between 15 and 40 seconds.
e) Describe the speed of the car between 40 and 50 seconds.
The final item (Figure 3.4) on the pre- and post-assessment is intended to assess student
reasoning about slope which is a constant rate of change. In terms of the framework of the study,
students who successfully complete the task would be reasoning in L1-L3, albeit entirely
qualitatively. Again, this is a slight departure from the intention of the study but was included to
explore any corollary effects of the in-class activities.

Figure 3.4: Item 4 from the Pre/Post-Assessment
3.2.2 In-Class Activities
The in-class activities were created by the researcher but were inspired by the iMPaCTMath activities (Freudenthal, Lim, Kranz, Tabor, & Ramirez, 2013; Tabor, 2014) and have similar
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subtasks, although the tasks for this study focus on asking the students to write code to create a
graph from a table without the contexts or challenges that are in the iMPaCT-Math activities.
Although this may make the activities less engaging, I wanted to explicitly focus student attention
on computational reasoning.
Being unsure of the technical expertise of the teachers that would be conducting the
lessons, I tried to encapsulate as much of the lesson as possible into the handouts for each activity.
The vision is not individual students working through the sheets by themselves, but rather pairs or
small groups talking and working through the tasks with guidance and support from the teacher.
In addition, time to talk as a class would be beneficial, however, this was not explicitly discussed
with the cooperating teachers.
3.2.2.1 Activity 1 – Introduction and the For Loop
The first activity (Appendix B) is an introduction to the programming environment, writing
code, creating variables, and using loops. Although this seems ambitious for an introductory
lesson where most, if not all, of the students lack any programming experience, there was support
in the form of program stubs that were available for the students to copy and paste. I created a
Weebly webpage, http://strangethesis.weebly.com/ that had the following program stubs:

Figure 3.5: Program Stub for Activity 1
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Figure 3.6: Program Stub for Activities 2-5
The students can copy and paste the code to take care of most of the overhead. In activity 1 the
students use stub 1 (Figure 3.5) and are guided through the following subtasks:
1. Creating a “Hello World” program. This is a traditional first program and outputs
the phrase “Hello World”.
2. Create a function that plots points. The code is given to the students and they are
asked to make sense of what the line of code function1.plot(2,3) is doing. They
then run the code and sketch the output.
3. Students are then asked to process this knowledge by editing the code to plot a set
of given points by repeating the line of code above.
4. The next phase has the students using the variable xValue instead of hardcoding
numbers. Again, code is given to them and they are asked to predict what will
happen. Students then investigate the effects of changing the xValue by using
assignment and arithmetic (i.e. xValue = xValue + 2) by completing a table of the
value of xValue after multiple statements.
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5. Students then alter their original code to use the xValue variable instead of the
numbers in step 3.
6. Next students are introduced to loops. They are given the code for a For Loop and
are asked to analyze it and predict the output.
7. Finally, students are asked to alter their loop structure to create a graph for a set of
given tables.
Again, this seems like an ambitious set of tasks and perhaps it will end up being so, but the
intention is to quickly get the students to the technological point where they can begin using
covariational reasoning and computational thinking to create a graph from a table. Including the
explanation of the code along the way is intended to differentiate, to some extent, for those students
that will take to programming right away. In the end, the students are being asked to alter code (2
or 3 lines) to produce the intended graph. It is in the editing of these lines of code that discrete
covariational reasoning will come to the forefront if the students can gain enough understanding
of the code beforehand.
3.2.2.2 Activity 2 – Toy Cars
In the second activity (Appendix C), students are guided to begin thinking less about the
technology and more about the mathematics. Students are given three data sets (Figure 3.7) of the
position of a toy car over time. The students are asked to alter the loop stub to produce graphs of
the data and then compare the speed of the cars to one another.
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Figure 3.7: Toy Car Tables for Activity 2
The intention of this task is that having to write the code focuses student attention on how
the variables are changing in tandem and the corresponding graph should reveal how the rate of
change (speed in this case) changes the graph of the function. Although speed as the slope of a
position vs. time graph isn’t explicitly discussed in this activity, it is something that should have
been talked about during the year in their Algebra I class. One note, there is an error in the third
table that came up during the implementation of this task – the final two lines break from the
pattern of +2 and +3. This wasn’t intentional and the students quickly questioned it. Students
were instructed to ignore those data points.
The final part of activity 2 asks students to code the graph for a quadratic set of data, in
this case the position of a projectile in flight. This is to introduce and have students think about
changing rate of change.
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3.2.2.3 Activity 3 – Graphs
Activity 3 (Appendix D) reinforces the development of speed as slope but with a different
take on the task. Students are given four position over time graphs (2 linear, 1 piecewise, 1
quadratic) (Figure 3.8) and are asked to describe the motion of the car and then write code that will
produce the same graph.

Figure 3.8: Sample Graph from Activity 3
3.2.2.4 Activity 4 – Scenarios
In activity 4 (Appendix E) students are given three scenarios for which they are asked to
create the graphing code and sketch the output for. One scenario is money saved over time (linear),
one is positive over time with acceleration (non-linear), and the final is an adaptation of the bottle
problem from the Annenberg Learner website (Annenberg Learner, n.d.) that has been used in
prior studies of covariational reasoning (Johnson, 2011, 2015). This final question is beyond the
scope of the focus of this study as the question really taps into L5 reasoning, however, it was
included as part of the exploratory nature of the investigation.
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3.3

DESIGN AND PROCEDURES
This study is designed as an exploratory investigation of the effects of a sequence of

activities on students’ discrete covariational reasoning abilities using computer programming as a
tool to harness students’ computational thinking. The outcome is intended to inform subsequent
iterations of the revision and testing of the activity sequence. As such, the data collection process
will focus on the student interactions with the activities which will take the form of field notes and
artifacts produced by the students. In addition, pre- and post-assessments will be collected for
quantitative and qualitative analysis of the effectiveness of the activities.
Upon obtaining UTEP IRB approval, I approached each of the selected teachers
individually and explained the purpose of the study and what it would entail. Both teachers agreed
and consent was obtained. We met again several days later to discuss the timeline, agreeing to
meet once to go over the activities and to answer any questions, administer the pre-assessment
after student assent was obtained, and to conduct the study over a four day period prior to spring
break which was restricted by limitations discussed in chapter five.
I visited the teacher’s classes during the following days and explained the study to the
students. I explained that I was trying to see if a set of activities would help them understand a
topic from their Algebra class better and that we would be doing some computer programming.
Further, I explained that whether they participated or not their grade would not be effected and
that the activities themselves would not count as a grade. Finally, I informed the students that by
being part of the study they agreed that I could collect their work but that all identifying
information would be hidden. I then opened the floor for questions and the only questions were
for a repetition of what I had explained so I explained everything again. Once the discussion was
over, I handed out assent forms and told students to not sign if they did not want to release their
work or if they didn’t understand everything that was explained. As students handed in the assent
forms, I offered them a parental consent form in either English or Spanish, the choice was left up
to them. I then explained the need for the consent forms and answered any final questions.
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The teachers administered the pre-assessments that week in their classrooms and the
lessons began the following Monday. The school where I work and the study takes place is on a
block schedule, meaning that the eight periods are spread over two days. The lessons took place
during 8th period which meets every other day. The classes met for the activities on Monday,
Wednesday, Friday, and Tuesday for 90 minute periods. Another period could have proven useful,
but there were time constraints which will be discussed in the discussion.
During the lessons, I observed and took notes on the students’ interactions with the
materials, the computer, and with one another. Occasionally I asked students a question or two
about their thinking on a certain task when it wasn’t clear from their response on paper and then
asked them to write down their response.
For the lessons, the teachers let the students work independently through the activities,
handing out the next when one was completed. Although not instructed to do so, most students
paired or grouped together to work on the tasks.
All work was collected as it was completed and stored in a locked file cabinet at school.
In addition, unfinished work was collected at the end of the period and returned to the students
during the following meeting.
Upon completion of the lessons, the work of students that had returned parental consent
forms and signed assent forms was separated. I then used random.org to generate four character
random alphanumeric codes to assign to each student. These codes were put on all of their work
and then their names were redacted prior to any analysis.
3.4

DATA ANALYSIS
To address the research question, how do Algebra I students reason about rate of change,

a qualitative analysis of student responses on the pre- and post-assessments was conducted. The
coding process was different for each question and the following discusses each item in detail. All
the results of the coding process were recording in a single spreadsheet to facilitate subsequent
analysis to look for patterns across the assessment items.
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Item 1 asks students to match each of four given tables to one of four qualitative graphs.
This question was intended to elicit and identify student reasoning at the L2 and L3 levels of
Carlson et. al’s (2002) framework:
L2 – Students coordinate the direction of change in the two variables.
L3 – Students coordinate the amount of change in the two variables.
To identify and distinguish between these two levels, the tables and graphs presented to the
students were positive linear, positive quadratic, negative linear, and negative quadratic, where
positive and negative refers to the rate of change of the function. The thought was that students
that matched the positive table and graphs as well as the negative tables and graphs but did not
distinguish between the linear and quadratic functions were reasoning about the direction, but not
the amount, therefore they would be coded as L2 (direction). Those that could correctly match all
four items would have to attend to both direction and amount would be coded L3. Any other
response indicated a lack of reasoning about direction or amount, however distinguishing between
L1 – the student recognizes that two variables are changing in tandem, and a pre-emergent level
was not possible with this question, so those responses would be coded as ND – No Determination.
A spreadsheet was created to tabulate the results and students’ alpha responses were
recorded for each sub item on question 1. The student responses were then compared to answer
choices corresponding to the reasoning levels mentioned above and the code entered into the
spreadsheet (Figure 3.9).

Figure 3.9: Sample of Response Coding for Item 1
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To receive an L3 coding the student must have matched all four items correctly and to be
coded L2, the student needed to have matched the tables and graphs by the direction of the rate of
change (positive or negative). So, for example, item 1a, an answer of A or B indicate an L2
reasoning level with the correct answer B indicating an L3 level.
Item 2 presented the students with a situation, they are staying in a hotel and are going
down to the parking level in the basement, and a data table of the time and floor number for the
first 4 seconds of the elevator’s movement (Figure 3.10).

Figure 3.10: Data Table for Item 2
The students were then asked three questions:
a) What floor will the elevator be on after 7 seconds?
b) At what rate is the elevator descending?
c) Sketch a graph of the elevator’s position over time.
Item 2a is an attempt to have the students coordinate the direction and amount (L3
reasoning level) to extended the data, in addition to having to interpolate between values to
correctly answer the question. Confrey and Smith (1994) argue that it is the interpolation between
discrete data items in which the student’s thinking begins to become dense and approaches
continuous reasoning. With this in mind, an attempt was made to distinguish between responses
that were purely discrete in nature with those that might indicate some readiness to begin moving
into quasi-continuous reasoning by performing repeated interpolation. This was determined by
the considering any student work on the assessment as well as the answer provided. If a student
did not appear to interpolate between values, then their response was coded L3D (L3 discrete)
whereas those that showed some sort of interpolation were coded L3C (L3 continuous).
Assessments with no response or responses which could be made sense of (for example, a student
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responded with 200 for the floor number), were coded ND. In addition, while reviewing and
coding the student responses it was noticed that three students on the pre- and 1 student on the post
translated the table into an equation and then apparently used the equation to determine the floor
number. These responses were coded EQ (equation). Following are two example of responses,
Figures 3.11 and 3.12, that show L3C and L3D coding respectively.

Figure 3.11: L3C (continuous) Example for Item 2a
Figure 3.11 shows a student response which was coded L3C. This response clearly shows
the ability to reasoning about the direction and amount of change in both variables (L3 reasoning).
In addition, the student interpolated between values to determine the floor numbers for odd
intervals of time indicating an ability or readiness for continuous covariational reasoning. In
Figure 3.10, the student could attend to direction and amount as evidenced by the work to the right
of the table, but was not able to interpolate between the values for times 6 and 8 and was coded
L3D.

Figure 3.12: L3D (discrete) Example for Item 2a
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Item 2b asks the student to state the rate at which the elevator is descending. Confrey and
Smith (1994) state that the discrete approach to tables results in a “unit per unit comparison”
(Confrey & Smith, 1994, p. 153) which is the rate of change. For these items, student responses
were open coded and resulted in four categorizations:
PER – the student stated the rate of change in the form of # per #
INT – the student stated the rate of change in the form of an integer (with or without
units.
RATIO – the student stated the rate of change as a ration.
ND – no determination. The response was blank or indecipherable.
Item 2c asks the students to sketch a graph of the elevators position over time. Returning
the covariational reasoning framework, student responses were coded as follows:
L3 – Linear graph with a negative slope. The student attends to both direction and
amount of change.
L2 – A graph that indicates a negative rate of change. The student is attending only
to the direction of the change.
L1 – A non-constant graph. The student recognizes that the variables are changing
but does not attend to the direction or amount.
ND – The response was blank or has no meaning in terms of the question.
Item 3 is intended to ascertain whether Algebra I students exhibit the ability to reason at
the L4 or L5 covariational reasoning levels:
L4 – Attends to the average rate of change
L5 – Attends to the instantaneous rate of change
Reasoning at this level indicates a shift from a discrete analysis to continuous the items were coded
based on a holistic view of the responses on whether evidence of continuous covariational
reasoning was present, but not necessarily the level. If evidence existed, the response was coded
Y (yes) otherwise N (no).
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The final item consisted of three verbal scenarios that the students were instructed to sketch
a graph for. These responses were to be coded per the behaviors associated with each reasoning
level as outlined in Carlson et. al (2002):
Table 4.5: Codes and Descriptors for item 4
Level
L1
L2
L3

Description
Behavior
Recognizes the two variables that Labels the axes with the appropriate labels.
are changing in tandem.
Coordinates the direction of Constructs an appropriate graph for the situation,
change.
increasing or decreasing, although the graph may
not match the function.
Coordinates the amount of change. Constructs an appropriate graph with both
direction and type of function.
Upon the initial analysis of the responses, a problem quickly became evident. Few students

(n=3) labeled the axes of their graphs, thus it would be presumptive to attempt to code their
responses. For instance, item 4a asks for a graph of speed over time and 4b asks for position over
time for the same scenario yet without labels it isn’t clear whether the students are thinking about
speed or position. Because of this, a fourth code, L0, was used to indicate that the labels were
missing or incorrect and ND was used once again if the response was blank or any other response
aside from a graph.
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Chapter 4: Results
15 students enrolled in an introductory Algebra I class at an urban high school participated
in a study on the effects of an instructional sequence intended to strengthen their understanding of
rate of change. The students completed a pre-assessment on rate of change, participated in four
days of computer programming activities, and then completed a post-assessment. This chapter
reports the results by assessment item (4 total) from the pre- and post-assessments as well as the
in class activities in an attempt to address the research questions:
1. How do Algebra I students reason about rate of change?
2. In what ways does a discrete covariational approach to functions, through computer
programming, effect student understanding of rate of change?
4.1

PRE- AND POST-ASSESSMENT RESULTS

4.1.1 Assessment Item 1

Figure 4.1: Item 1 from the Pre/Post-Assessment
For item 1 (Figure 4.1) on the pre- and post-assessment, students were tasked with
matching four given tables with possible graphs. The task was intended to elicit student reasoning
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at the L2 (direction of change) and L3 (amount of change) reasoning levels. The tables presented
to the students depict linear and quadratic functions with both positive and negative rates of
change. Student responses for each of the tables are presented in order and framed within the L2
and L3 reasoning levels.
Table 1 (T1) is a well ordered increasing function. The matching graph is graph B which
depicts a linear function with positive slope, however it is not the actual graph of the function
depicted in T1 because the graph as a non-zero y-intercept. This is not of concern because students
were asked to match each table to the best graph. TI and graph B are shown in figure 4.2.

Figure 4.2: Table 1 and Graph B from Assessment Item 1
In terms of L2 (direction of change), 12 of the 15 students matched T1 to an increasing
quadratic or linear graph while 2 students matched it to a decreasing linear with the final student
providing a numeric response. Of the 12 students that matched T1 to an increasing graph, 8 were
able to discern between the constant change of a linear function and the increasing change of the
quadratic demonstrating some reasoning at the L3 level. The results for T1 are summarized in
table 4.1 with the correct match highlight in green and the correct direction in yellow.
Table 4.1: Results for T1 from Item 1 on Pre-Assessment (n=15)

T1: +linear

A
+quad
n
%
4
27%

B
+linear
n
%
8
53%

C
-quad
n
%
0
0%
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D
-linear
n
%
2
13%

Other
n
1

%
7%

Table 2 (T2) is a decreasing linear function and is presented such that the student must
attend to the direction of change for both the x and y variables. T2 matches graph D and both are
shown in figure 4.3.

Figure 4.3: Table 2 and Graph D from Assessment Item 1
Similar to T1, 12 students were able to attend to the direction of change and matched T2
to a decreasing graph. 1 student matched T2 to an increasing linear, 1 to an increasing quadratic,
and the final student again provided a numeric response. In terms of amount of change, 3 fewer
students (n=5) than T1 were able to discern between linear and quadratic graphs. These results
are shown in table 4.2.
Table 4.2 Results for T2 from Item 1 on Pre-Assessment (n=15)

T2: -linear

A
+quad
n
%
1
7%

B
+linear
n
%
1
7%

C
-quad
n
%
7
47%

D
-linear
n
%
5
33%

Other
n
1

%
7%

Table 3 (T3) is a decreasing quadratic function which is shown in figure 4.4 along with the
matching graph (A) from the assessment item.
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Figure 4.4: Table 3 and Graph A from Assessment Item 1
For T3, 12 students were able to match the direction of change in the table to an increasing
graph while 2 matched a decreasing graph and 1 provided a numeric response. The results for
attending to the amount of change were the same as the positive linear with 8 students correctly
matching T3 to graph A as shown in table 4.3.
Table 4.3: Results for T3 from Item 1 on Pre-Assessment (n=15)

T3: +quad

A
+quad
n
%
8
53%

B
+linear
n
%
4
27%

C
-quad
n
%
1
7%

D
-linear
n
%
1
7%

Other
n
1

%
7%

Finally, table 4 (T4) presents a decreasing quadratic function and matches with graph C.
T4 and graph C are shown in figure 4.5.

Figure 4.4: Table 3 and Graph A from Assessment Item 1
Once again, 12 students were able to determine the direction of change and match T4 to a
graph that also showed a decreasing function. As far as distinguishing between linear and
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quadratic, it was evenly split with 6 students correctly matching the quadratic. The results are
summarized in table 4.4.
Table 4.4: Results for T4 from Item 1 on Pre-Assessment (n=15)
A
+quad
n
%
1
7%

T4: -quad

B
+linear
n
%
1
7%

C
-quad
n
%
6
40%

D
-linear
n
%
6
40%

Other
n
1

%
7%

The aggregate results (table 4.5) for item 1 on the pre-assessment indicate that majority of
this sample of students were able to attend to the direction of change (L2) for both linear and
quadratic functions. In terms of the amount of change (L3), this sample of students performed
better with increasing functions than decreasing functions.
Table 4.5: Aggregate Results for Item 1 on Pre-Assessment (n=15)

T1: +linear
T2: -linear
T3: +quad
T4: -quad

A
+quad
n
%
4
27%
1
7%
8
53%
1
7%

B
+linear
n
%
8
53%
1
7%
4
27%
1
7%

C
-quad
n
%
0
0%
7
47%
1
7%
6
40%

D
-linear
n
%
2
13%
5
33%
1
7%
6
40%

Other
n
1
1
1
1

%
7%
7%
7%
7%

Table 4.6 shows the aggregate results for the pre- and post-assessment in order to check
for any change in student performance. The results show an overall increase in the number of
responses indicating reasoning at the L2 and L3 level for the linear tables and mixed results for
the quadratic tables.
For T1 (positive linear), the number of L2 responses increased from 12 to 14 and the
number L3 responses increased by 3 from 8 to 11. There was also an increase for T2 (negative
linear) with L2 increasing from 12 to 13 and L3 from 5 to 9. The results for the quadratic tables
was mixed with L2 responses on T3 (positive quadratic) decreasing from 12 to 11 while the L3
responses increased from 8 to 10. For T4 (negative quadratic), there was no change in the number
42

of L2 responses (n=12) but the L3 responses increased by 1 from 6 to 7. These results are
summarized in table 4.7.
Table 4.6: Pre/Post-Assessment Aggregate Comparison (n=15)

T1: +linear

T2: -linear

T3: +quad

T4: -quad

pre
post
net
pre
post
net
pre
post
net
pre
post
net

A
+quad
n
%
4
27%
3
20%
-1
-7%
1
7%
0
0%
-1
-7%
8
53%
10
67%
+2 +14%
1
7%
1
7%
0
0%

B
+linear
n
%
8
53%
11
73%
+3 +20%
1
7%
1
7%
0
0%
4
27%
1
7%
-3 -20%
1
7%
1
7%
0
0%

n
0
0
0
7
4
-3
1
3
+2
6
7
+1

C
-quad
%
0%
0%
0%
47%
27%
-20%
7%
20%
+13%
40%
47%
+7%

D
-linear
n
%
2
13%
0
0%
-2
-13%
5
33%
9
60%
+4 +33%
1
7%
0
0%
-1
-7%
6
40%
5
33%
-1
-13%

Other
n
1
1
0
1
1
0
1
1
0
1
1
0

%
7%
7%
0%
7%
7%
0%
7%
7%
0%
7%
7%
0%

Table 4.7: Net Change Summary for Item 1 (n=15)
L2

L3

T1: +linear

Pre
12

Post
14

Net
+2

Pre
8

Post
11

Net
+3

T2: -linear

12

13

+1

5

9

+4

T3: +quad

12

11

-1

4

1

-3

T4: -quad

12

12

0

6

7

+1

In addition to the overall item analysis, students were coded based upon their evident ability
to tend to the direction and change of functions, L2 and L3 respectively. Responses were only
coded L3 if all answers were correct otherwise they were coded L2 if the direction of change was
matched but not necessarily the amount. Any other response was coded ND – No Determination.
The results for both the pre- and post-assessment are shown in table 4.8.

43

Table 4.8: Student Level Coding for Item 1 (n=15)

Student
4773M
OZM7Q
4IK26
DEN5R
D0S98
8B878
65MKY
8GOK4
BSONF
V25TF
O9XQ2
02B00
BPJZ5
52V9N
CS9LZ

T1
B
B
D
A
A
B
D
3.4
B
B
B
A
B
B
A

Pre-Assessment
Reasoning
T2 T3 T4
Level
C
A
D
L2
D
A
C
L3
C
A
B
ND
C
B
D
L2
C
B
D
L2
A
C
D
ND
B
A
C
ND
2.5 5.4 61
ND
C
D
A
ND
D
A
C
L3
D
A
C
L3
C
B
D
L2
D
A
C
L3
D
A
C
L3
C
B
D
L2

T1
B
A
A
B
B
B
B
8
A
B
B
B
B
B
B

Post-Assessment
Reasoning
T2 T3 T4
Level
C
A
D
L2
D
C
B
ND
D
B
C
L2
D
A
C
L3
C
A
D
L2
D
A
C
L3
D
A
C
L3
16 24 32
ND
B
C
D
ND
C
A
D
L2
D
C
A
ND
D
A
C
L3
D
A
C
L3
D
A
C
L3
C
A
D
L2

The total number of students falling into each coding category for both the pre- and postassessment is presented in table 4.9. There was a decrease in the number of students that were
coded ND from 5 to 4 while the number of L2 students remained the same at 5 and the number of
L3 increased by 1 from 5 to 6.
Table 4.9: Summary of Item 1 Coding Pre/Post (n=15)
Coded
Level
ND No determination
L2
L3

PrePostAssessment Assessment
5
4

Description

Coordinates direction only (increasing or decreasing)
Coordinates direction and amount (differentiates between
linear and quadratic)

5

5

5

6

There was a shift in the student reasoning levels between the pre- and post-assessment and
in order to determine where the shift occurred, a finer grained analysis of the coding was
conducted. The changes in levels are summarized in table 4.10 where five students showed an
increase in reasoning level and two showed a decrease. The remainder (n=8) had no change.
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Table 4.10: Changes in Student Reasoning Levels on Item 1 (n=15)
Type of Change
No Change
ND to L2
Positive Change
ND to L3
L2 to L3
L3 to ND
Negative Change
L3 to L2

Number of Students
8
1
2
2
1
1

4.1.2 Assessment Item 2
The second item on the assessment (Figure 4.5) presents the students with a scenario in
which they are in a hotel and are taking an elevator to an underground parking level. The students
are given a table showing the floor number as a function of time (negative linear) and then are
asked to extrapolate the data, determine the rate of change, and sketch a graph of the elevator’s
position over time. The results for each sub-item will be presented in turn.

Figure 4.5: Item 2 from the Pre/Post-Assessment
Items 2a asks the students to determine the floor number after 7 seconds (ground or 0 floor).
This requires to the students to extend the data set by attending to the direction and amount of
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change and then interpolate between values. The student responses for this item are shown in table
4.11. On the pre-assessment 10 of the 15 students were able to determine the correct floor number,
however on the post-assessment only 6 could do so.
Table 4.11: Student Responses to Item 2a (n=15)
Item 2a

Student

Pre

4773M
OZM7Q
4IK26
DEN5R

0
floor number 0
0 seconds
zero

D0S98

-2

8B878
65MKY
8GOK4
BSONF
V25TF
O9XQ2
02B00
BPJZ5
52V9N
CS9LZ

21 1/2
0 floor
of floor number zero
0
0
2nd floor
200
4th floor
floor #0
0 floor

Post
floor 0
first floor
it would be 0
0 floor
on the 1st floor because it can't be 2 because that’s
where the numbers can't go
it will be at floor number -2
it will be at zero
to number 2
0
below ground level
on the 4th floor or between 4th and 3rd
illegible
2
on the ground floor
after 7 seconds you'll be on the 1st floor

In order to code student reasoning on this item, student responses were analyzed for
evidence of how the student determined the provided answer. The type of evidence that was most
common in the coding was student work that indicated attending to the direction and change in
both variables by continuing the values in the table. For example, in the student sample in figure
4.2, the student applied covariational reasoning to continue the pattern, in both direction and
amount resulting in the continuation of the data table. In addition, this student could interpolate
between values to arrive at the seven second mark, resulting in an L3C (continuous) code. A
student that attended to the changes but could not interpolate was given an L3D (discrete) code.
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Figure 4.2: Student Sample of L3C Reasoning
On the pre-assessment, 6 of the 15 students provided some evidence of covariational
reasoning with 1 coded L3D and 5 coded L3C. 3 other students generated an equation in order to
determine the answer and are included in the results displayed in table 4.12. The remaining 6
students did not provide any indication of their thinking. There was a change in the evidence
provided during the post-assessment with number of students providing some evidence of L3
reasoning increasing from 6 to 9. Of these 9 students, 4 were coded L3D which is an increase of
3 from the pre-assessment. The number of L3C students was unchanged at 5.
Table 4.12: Coding Results for Item 2a (n=15)
Coded
Description
Level
ND
No determination
Coordinates direction and amount but does not
L3D
interpolate.
L3C Coordinates direction and amount, and interpolates.
EQ
Generated an equation to answer the question.

PreAssessment
6

PostAssessment
5

1

4

5
3

5
1

As was the case with item 1, there was a shift in student reasoning levels between the preand post-assessment and a finer grained analysis was performed to determine what type of changes
occurred. The results are shown in Table 4.13.
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Table 4.13: Changes in Student Reasoning on item 2a (n=15)
Type of Change
No Change
EQ to L3C
EQ to ND
Positive Change
ND to L3D
Negative Change
L3C to ND

Number of Students
9
1
1
3
1

As shown above, just over half of the students (n=9) experienced no change while one had
a negative change and three had a positive change. One of the three students that had transformed
the table into an equation in the pre-assessment used covariational reasoning in their response on
the post assessment.
Item 2b asks the students to report the rate at which the elevator is descending. Analyzing
the responses led to three codes into which each response could be categorized:
PER – The student reports the rate of change in a # per # form
INT – The students reports an integer, with or without units
RATIO – The student constructed a ratio
On the pre-assessment, an equal number (n=6) of students reported the rate of change as a “unit
per unit comparison” (Confrey & Smith, 1994, p. 153) as those that reported an integer. Two
students constructed a ratio and one response was blank. The student responses and coding are
displayed in table 4.14.
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Table 4.14: Student Responses to Item 2b (n=15)
Item 2a

ID

Pre
Response

4773M
OZM7Q
4IK26
DEN5R

2 floors per second
it is descending every second it
goes down 2 floors
-2, because if you see the
equation it getting -2x+14
by 4, in the graph the floor
numbers are descending by 4
every time 2 seconds pass.

D0S98

4/2 or just 2

8B878

is descending at 4 rate

Code
PER
PER
INT
PER

Post
Response
Code
2 floors per second because after
every 2 seconds the floor would go PER
down 4, so just take 2 off.
It is descending at 4 floors per 2
PER
seconds.
It’s descending by 4. Subtract 14INT
10=4 then 10-6=4
Every second the floor descends 2
floors

-2 because you are going down by
RATIO negative 4 and well you keep
going.
It’s descending at 4 because it is
INT
pattern of the elevator seconds

PER
INT
INT

02B00

rate by 2. It is descending by 2
because at 1st floor is 12 and 2nd
is 10
the elevator descending to the
rate of 4 floor 2 seconds
2 floors per second because
floor number is at 0 then 2 then
6 then 10 then 14
½. For every 2 seconds the
elevator descends 4 floors and
if you simplify you get ½.
Its descending by four because
14-4 = 10 so it’s descending by
4
blank

BPJZ5

at 2

INT

52V9N

2 floors per second. You can
take out an equation from the
differences.

PER

2 floors per second, because the y
value decrease 2 units

PER

CS9LZ

It’s descending at a rate of -4.

INT

The elevator is descending at 2
seconds per floor

PER

65MKY
8GOK4
BSONF
V25TF
O9XQ2

INT

The elevator is descending by 2
cause each time it gets lower

INT

PER

with to 2 floors because velocity

INT

PER

-4. Because the floors on the chart
are going down by 4

INT

2 floors per 1. For every 2
RATIO seconds the floor goes down 4
floors, divide it and you get that.

PER

It’s descending by four. Because
4+10=14 so it goes by four.

INT

INT
ND

blank
at four since it’s going down by
fours.

ND
INT

The pre- and post- analysis for item 2b (Table 4.15) indicates that most students reported
the rate of change as either an integer (INT) or as a verbal description of floors per second (PER)
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and that the majority (n=10) reported in the same manner before and after the treatment (Table
4.16).
Table 4.15: Summary of Item 2b Coding Pre/Post (n=15)
Coded
Level
ND
INT
PER
RATIO

Description
No determination
Reported Rate of Change as an Integer Without Units
Reported Rate of Change as a # per #
Reported Rate of Change as a Ratio Without Units

PreAssessment
1
6
6
2

PostAssessment
1
8
6
0

Table 4.16: Changes in Student Reporting of Rate of Change on Item 2b (n=15)
Type of Change
No Change
INT to PER
PER to INT
RATIO to INT
RATIO to PER

Number of Students
10
1
2
1
1

Item 2c asks students to sketch a graph of the elevator’s position over time. Student
responses were coding according to the covariational framework. To be classified as L3, the
student must attend to both the direction and amount of change. This would correspond to
sketching a decreasing linear function. A student that attends to the direction of change without
regard to the amount would sketch a non-linear decreasing function and would be coded L2. Any
responses that indicated a change without attending to direction or amount was coded L1 while
any other responses were coded ND.
On the pre-assessment, 9 of the 15 student sample were able to sketch a decreasing linear
function and were coded L3, 1 student sketched a decreasing parabolic like graph and was coded
L2, 2 students graphed increasing linear functions and were coded L1, and the remainder either
had no response, supplied a table of values, or graphed a curve that increased and decreased. On
the post-assessment, all movement was into the L3 category with no students coded as L1 or L2
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and only 2 providing a response that was not graphical. The results from item 2c are summarized
below in table 4.17.
Table 4.17: Summary of Item 2c Coding Pre/Post (n=15)
Coded
Level
ND
L1
L2
L3

Description
No determination
Identifies change but does not coordinate direction or
amount
Coordinates the direction of change
Coordinates the direction and amount of change

PreAssessment
3

PostAssessment
2

2

0

1
9

0
13

4.1.3 Assessment Item 3

Figure 4.6: Item 3 from the Pre/Post-Assessment
For item 3 on the pre- and post-assessment students were presented with a non-linear graph
of position versus time for a moving car and asked questions about when the car was moving the
fastest and slowest and then asked to describe the speed of the car over certain time intervals.
Although answering these questions fully would require reasoning at the L4 (average rate of
change) and L5 (instantaneous rate of change) levels, it seems reasonable that students could
extend their knowledge of slope to portions of this graph. For instance, the sections of the graph
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from approximately 4 to 8 seconds and again from 20 to 24 is nearly linear and the segment after
40 seconds is linear. The students could have recognized and compared the steepness of the graphs
to ascertain when the car was traveling the fastest, however this was not the case. The responses
fell into two categories. First, students read the graph literally as speed over time not attending to
the labels on the graph or the verbal description. These students (n=7) read the first 15 seconds of
the graph as increased speed instead of position, the following 18 seconds as decreasing speed,
and then increasing speed again. There was no indication of reasoning about speed as a change in
position and time. The second group (n=5) were caught in iconic transfer and read the graph as a
picture of the car’s motion. These students indicated that the highest speed would be during time
from 15 to 33 seconds because the car was moving “downhill” and the slowest speed when the car
was traveling “uphill” in the first segment of the graph. The remaining responses on the preassessment (n=3) were blank or indecipherable in terms of the question. In addition, there was no
discernible change in student responses to any of the items from between the pre- and postassessment.
Overall, there were no students that demonstrated a readiness to move beyond the L3 level
of the covariational reasoning framework.
4.1.4 Assessment Item 4

Figure 4.7: Item 4 from the Pre/Post-Assessment
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Item 4 (Figure 4.7) tasked the students with sketching three graphs from a verbal scenario.
4a asks students to sketch a speed over time graph for a car that brakes after moving at a constant
speed. In 4b, the students are to graph a position over time graph for the same car. The final
question, 4c, asks students to graph the distance over time graph for a ball rolling down a hill with
the distance being a measure of the ball’s position from the top of the hill.
Student responses were coding according to the covariational framework:
L3 – response shows attention to the direction and amount of change
L2 – response shows attention to the direction of change but not amount
L1 – response shows change with labeled axes
LO – axes are not labeled
ND – no determination
Coding results are displayed in table 4.18 and indicate that students had difficulty
producing graphs for the three scenarios.
Table 4.18: Student Coding for Item 4 Pre/Post (n=15)

Student
4773M
OZM7Q
4IK26
DEN5R
D0S98
8B878
65MKY
8GOK4
BSONF
V25TF
O9XQ2
02B00
BPJZ5
52V9N
CS9LZ

4a
LO
L1
LO
ND
LO
LO
LO
ND
LO
LO
LO
ND
LO
L1

PRE
4b
LO
LO
LO
LO
LO
LO
LO
ND
LO
LO
LO
ND
LO
L3

4c
LO
LO
LO
LO
LO
LO
LO
ND
LO
LO
LO
ND
LO
L1

LO

LO

LO
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4a
LO
LO
LO
LO
LO
L1
LO
ND
LO
LO
LO
ND
LO
L1

POST
4b
LO
LO
LO
LO
LO
LO
LO
ND
LO
LO
LO
ND
LO
L3

4c
LO
LO
LO
LO
LO
L1
LO
ND
LO
LO
LO
ND
LO
L1

L1

LO

LO

Table 4.19: Summary Coding for Item 4 Pre/Post (n=15)
Item
4a
4b
4c

ND
3
2
2

LO
10
12
12

PRE
L1
2
0
1

L2
0
0
0

L3
0
1
0

ND
2
2
2

LO
10
12
11

POST
L1
3
0
2

L2
0
0
0

L3
0
1
0

Table 4.19 shows the total number of responses for each code for both the pre- and postassessment. For item 4a the students were given the prompt “A car is driving at a constant speed
and then applies the brakes to come to a complete stop. Graph the speed over time.” Of the 15
students sampled, only two produced graphs that included labeled axes which according to Carlson
et. al (2002) indicates reasoning at the first level of covariation, L1. The remaining responses had
incorrect labels, such as x and y, or none at all. In addition, the majority of students failed to
recognize and graph the constant speed portion of the graph and instead drew an increasing linear
function. The results were similar on the post assessment with only one additional student
producing a graph with labels.
In item 4b, students were asked to produce a graph of position over time for the same
scenario. Again, nearly every student failed to label the axes which would indicate the variables
that they recognize are changing in tandem. One student was able to produce the correct graph
with labels in both the pre- and post-assessment.
For item 4c, the prompt was “A ball is rolling down a hill. Graph the distance of the ball
from the top of the hill over time.” All students graphed a decreasing function and only one labeled
axes and was subsequently coded L1 on the pre-assessment. One additional student produced a
labeled graph on the post-assessment.
4.2

PROGRAMMING ACTIVITIES RESULTS
There were four activities planned for the lesson sequence and results for the first three will

be reported in this section, organized by activity. Because of time constraints only two students
began the final activity but did not progress enough to include in the analysis.
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4.2.1 Activity 1 – Introduction and the For Loop
The first activity that students had to complete was a quick introduction to the
programming environment, language, and looping structure. As discussed previously in the
instrument design, code stubs were to be used throughout the activities so the focus was not on
learning the language but rather on developing the necessary skills to utilize computational
thinking in the frame of covariational reasoning in order to produce graphs. All 15 students in the
sample were able to complete the first activity with most finishing on the second day of the lessons.
Activity 1 had three milestones which will be discussed in turn:
1. Plotting individual points using numerical values
2. Declaring and altering variables in code
3. Plotting points using a loop structure
4.2.1.1 Plotting Individual Points Using Numerical Values
The activity began with guiding students on developing the code to plot a single point.
Students were given instructions to write a few lines of code, run the program, and then describe
what happened. The intention was for the students to make sense of what the lines of code they
wrote did without explicitly being told. These instructions are shown in figure 4.8.

Figure 4.8: Items 1- 4 from Activity 1
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For item 4 the students were to run the code and describe what happened. Of the 15
students, five left the item blank, five others responded with some indication that the code plotted
the given point (2, 3), and one student responded with “just a point”. Four of the remaining
students described the action of creating a graph without specific reference to the given point:
S1 – “The program did a graph with points”
S2 – “The program created a position vs time graph that is 50 up and 20 wide”
S3 – “It created a graph”
S4 – “The program graph the code”
Students were then asked to alter their code to plot a set of five different points and write the code
along with a sketch of the output and all students were able to complete this task, although many
asked for assistance because they didn’t realize that you could add multiple function1.plot lines of
code.
4.2.1.2 Declaring and Altering Variables in Code
The next milestone in the activity has students begin to use variables and then alter them
in code. The activity sheet describes how to declare a variable and assign it a value and then
prompts the students to predict what will happen when that variable is used in code as shown in
figure 4.9.

Figure 4.9: Creating and Changing Variables Items from Activity 1
Only two students were able to recognize the role of the variable and that the new line of
code would graph the point (3,5) with the majority failing to connect the current task to the
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previous portion of the activity. Three students left the item blank and two believed that the code
would “make the x-values go by 5”. The other notable response was that the code would result in
a point along the x-axis at x=5 which four students responded with.
The activity then moved to an introduction to altering the value of a variable in code.
Students were given an example and then asked to complete a table based on programming
statements that altered a given variable as shown in figure 4.10.

Figure 4.10: Altering Variables from Activity 1
Seven of the 15 students correctly completed the table with the values 6, 6, 1. The
remainder either left the table blank (n=3) or had problems with the self-assignment statement
“xValue = xValue”, with three students filling in 0 for the xValue on that line.
The final portion of the introduction to variables asks the students to first write a block of
code that plots a set of points using the xValue variable and then to repeat the process using both
an xValue and yValue variable (Figure 4.11).

Figure 4.11: Utilizing Variables to Plot Points from Activity 1
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Student responses for both of these tasks fell into three distinct categories: INLINE,
RESET, and INCREMENT. Table 4.20 shows a description and example for each categorization
along with the number of responses that were coded as such.
Table 4.20: Coding Descriptions and Results for Item 6 and 7 on Activity 1
Category
INLINE

RESET

INCREMENT

Description
The student alters
the plot function
parameter(s) without
changing the value
of the variable(s).
The student
reassigns a value to
the variable(s)
before calling the
plot function.
The student
increments the
variable value prior
to calling the plot
function.

Example
xValue = 1
function1.plot(xValue, 3)
function1.plot(xValue + 1, 7)
function1.plot(xValue +3, 1)

Responses
6

xValue = 1
function1.plot(xValue, 3)
xValue = 2
function1.plot(xValue, 7)
xValue = 4
function1.plot(xValue, 1)
xValue = 1
function1.plot(xValue, 3)
xValue = xValue + 1
function1.plot(xValue, 7)
xValue = xValue +2
function1.plot(xValue, 1)

6

2

The majority of students either reassigned a value to the variable prior to the function call
(n=6) or passed an altered value of the variable within the function call (n=6) while one student
left the item blank. Only two students incremented the variable in the same way that was presented
to the students in the previous portion of the activity which was intended to serve as a bridge to
using a looping structure which will be discussed next.
4.2.1.3 Using a For Loop to Plot Points
The final portion of activity 1 introduces students to the For Loop structure which provides
an efficient means of graphing several points with a fixed change between the variables. For
instance, the students were provided with the example (and code stub) where the initial xValue
and yValue are both 0.
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Figure 4.12: For Loop Code Stub
This stub of code (Figure 4.12) will plot (0, 0), increment each variable by 1 and then repeat the
process for 5 points. Students were asked to run the code and then determine what each line of the
above stub did. Only two students attempted, correctly, to identify what each line of code did.
The majority of the rest described what the output was.
Next students were given a code stub and asked to create a table of the values for the
variables xValue and yValue (Figure 4.13).

Figure 4.13: Creating a Table from a Loop Code Stub in Activity 1
Six students left this item blank on their worksheet and five appeared to have run the code
and sketched the graphical output. The remaining four students produced a table with the correct
values and increments. Of these four students, 2 were coded L2 on item 1 from the pre-assessment
and 2 coded L3 indicating that they had some covariational reasoning ability prior to the beginning
of the treatment. These four students performed the same on the post-assessment.
The final portion of the first activity brings students to the point of using covariational
reasoning to generate a looping code structure that plots the points of a given table. The students
were presented with four tables, three linear and one exponential and were tasked with creating a
‘for’ loop to plot the points. The tables are shown in figure 4.14.
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Figure 4.14: Tables Used to Create For Loops in Activity 1
Table 1 depicts a well ordered linear table with the y-value being incremented by 2. Table
2 is also a linear function but has an x-value increasing by 2 while the y-value is decreasing by 3.
Table 3 is linear with an increase of 2 on both the x and y values. Finally, table 4 is an exponential
with the x increasing by +1 and the y-value increasing by x2.
There were two responses that were either blank or incomplete so are excluded. The
remaining 13 responses fell into two categories. The first type of response are ones in which the
students reset the variables prior to calling the plot function in lieu of using a loop structure. For
example, for table 1 a student wrote the following snippet of code:
xValue = 1
yValue = 2
function1.plot(xValue, yValue)
xValue = 2
yValue = 4
function1.plot(xValue, yValue)
While these responses produced a plot of the points in the table, students ignored instructions to
use a For Loop. There were four students that had this type of response.
The remaining nine students all had similar work and responses for these four items and
were able to produce the correct code for all four items. The students found the change in both
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variables using difference arrows drawn next to the table values. They then created a ‘for’ loop
that incremented the x and y values accordingly. Figure 4.15 shows an example of this type of
response. These students were attending to the direction and amount of change for both variables
at the discrete level which corresponds to L3 on the covariational reasoning framework (Carlson
et. al, 2002).

Figure 4.15: Student Response on Final Item of Activity 1
4.2.2 Activity 2 – Toy Cars
The second activity in the lesson sequence required students to develop For Loops within
a given context. The students were provided with a scenario (a moving car and a projectile) along
with a data table and had to use covariational reasoning to produce the necessary increments within
the code. The final part of the activity presented three position versus time tables and tasked the
students with sketching graphs without necessarily creating code. Although all 15 students of the
sample received this activity, only 12 provided work to be analyzed. The activity can be broken
into four sections and the results for each are presented below.
4.2.2.1 Items 2 and 3 from Activity 2
In this section students were given position versus time data (Figure 4.16) for a hypothetical
toy car and asked to create a program that graphed the data and then describe the motion of the
car.
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Figure 4.16: Item 2 from Activity 2
All twelve students who responded to this item identified the increments for the x and y
values and produced code that included a ‘for’ loop that incremented the x and y variables
correctly. This is not surprising in that the code required here is given in the example. There was
some evidence of difficulty with the range of the loop with some students running the loop four
times and others five.
The subsequent question attempted to ascertain student reasoning about rate of change.
The question asked students to describe the motion of the car based on the table and/or graph.
Student responses are displayed in table 4.21 and show some difficulty in describing the motion,
particularly in reference to the rate of change or, in this case, the speed of the car with half (n=6)
students responding with a rate of 2 meters per second.
Table 4.21: Student Responses to Item 3 on Activity 2
Student Response
“It is going straight up”
“It’s going 2 meter per second”
“It’s going”
blank
“The motion changes by 2 meters per second”
“The car is increasing every time”
“The dots are going 2 meters per one second”
“It was going pretty fast”
“The car walks 2 meters per second”
blank
“The car walks 2 meters per second”
“The motion of the car changes by 2 meters per second”
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4.2.2.2 Items 4 and 5 from Activity 2
The next item in the activity is similar to the first in that the students are supplied with data
about a toy car this time representing the results from another student group in the class (figure
4.17). Students again had to produce the code that would graph the set of data and then answer a
question comparing the speed of this car versus the previous one.

Figure 4.17: Item 4 from Activity 2
All of the students that responded to this question (n=11) correctly identified the change in
the variables and produced the correct code. On the comparison between the speed of this car and
the previous one, six students were not able to get to this item in the time period allotted so had
blank responses, four said that this one was faster because it was moving at 3 meters per second
versus 2 meters per second, one used the slope of the graph produced by the code to justify that
this car was faster, and one compared the position of both cars after one second to determine that
this car was faster. All of the students that used the rate of change to compare the two also used
the rate to describe the motion of the car in the previous section.
4.2.2.3 Items 6 and 7 from Activity 2
Students were now presented with the data from a third group in the class (figure 4.18),
however this data table was not well ordered with the time being incremented by 2 instead of the
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1 as in the previous two scenarios. The students were then asked to compare the speed of this car
to the previous ones. Note that the final two data points break from the pattern. This was not
intentional and was found by the students. The students were instructed to ignore these points.

Figure 4.18: Item 6 from Activity 2
Of the 9 students that responded to this task, 7 supplied the correct code with the xValue being
incremented by 2 and the yValue incremented by 3. The other two students provided code that
incremented xValue by 1 and yValue by 2 which was the code stub given to them to alter.
For the comparison of this car’s speed to the other two, only four students provided
responses:
“It is going slower. The other cars are going way faster”
“It’s slower than both 2 cars”
“It doesn’t change much, it’s the same as the first one”
“This car is slower because in one second it would’ve raced 1.5 meters”
Of these four responses only the last one indicates any attention paid to the rate of change.

64

4.2.2.4 Items 8-10 from Activity 2
This section of the activity changed the scenario of constant velocity cars to projectile
motion modeled by a quadratic function (figure 4.19). This resulted in difficulty for the students
because there is now a change in the change in the yValue (height in this case).

Figure 4.19: Item 8 from Activity 2
Of the six students that attempted this task, five determined both the first and second
differences for the height column, however only two identified this as a new structure and asked
for assistance in creating the code. The other three used the second difference of -.5 as the
increment on the y-value in their code which resulted in a decreasing linear function.
The follow up questions asked students to describe how this data table was different from
the previous ones and how this difference changed the shape of the graph. Of the five students
that determined the second difference, only 2 (the same that asked for assistance) identified this
data as a quadratic function with a parabolic graph. The remainder described the data as a
decreasing linear function.
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4.2.2.5 Item 11 on Activity 2
The final item on activity 2 gave students three tables and tasked the students with sketch
possible graphs for the data (figure 4.20). Five students completed this task. The remaining
students were not able to get to this item in the allowed time.

Figure 4.20: Item 11 on Activity 2
For the first table, two of the five students constructed a decreasing linear graph. Both of
these students began to find the differences in the table and continued to do so until the forth
difference of -12 and sketched a negative linear graph. The other students produced an increasing
linear graph which is correct.
The second table is an increasing quadratic and only 1 student produced a parabola,
although it was an entire parabola instead of the half called for by the data.
Finally, all five students produced a decreasing linear function for the last table.
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4.2.3 Activity 3 – Graphs
Four students from the original 15 were able to attempt activity 3 which tasked the students
with describing the motion of a car and producing the code to replicate a given graph (figure 4.21).
The graphs given to the students were increasing linear, decreasing linear, piecewise linear, and a
quadratic. All four students produced code which included a ‘for’ loop with the correct increments
for the linear graphs.

Figure 4.21: Example of Graph from Activity 3
For the piecewise linear function (figure 4.22), two of the students left the item blank while
the other two recognized that the rate of change changes so they created two For Loops to handle
each part of the graph correctly.
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Figure 4.22: Piecewise Function from Activity 3
The two students that left the piecewise blank did create the code to reproduce the quadratic
graph. These were the same two students that had recognized the changing rate of change in the
previous activity and asked for assistance. The other two students left the quadratic item blank.
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Chapter 5: Discussion and Implications
This study was primarily intended to investigate how Algebra I students reason about rate
of change as well as the effects of a discrete covariational lesson sequence utilizing computer
programming on those same students’ reasoning. The second intention of the study was to inform
future iterations of this investigation with revised activities.

Although the sample method

(convenience) does not support making concrete conclusions, the results provided insight into both
research questions which might be useful in future studies.
The following discussion incorporates field notes taken during the investigation with the
results presented in chapter four. First, the lead up to the study is discussed to clarify a significant
limitation and a few items for future consideration. Then a discussion of the pre- and postassessment results is presented with commentary on the activities.
5.2

ASSESSMENT AND ACTIVITY RESULTS
The students were administered a pre-assessment prior to the beginning of the lessons in

order to ascertain their reasoning levels within the covariational reasoning framework of Carlson,
et. al (2002). The details of the assessment are discussed in chapter three and all results are
reported in chapter four. Overall, the students demonstrated a weak understanding of rate of
change and difficulty in dealing with functions other than positive linear in a tabular representation.
5.2.1 Item 1
Item 1 from the assessment presented the students with four tables and asked them to match
the table to the best graph. The tables and graphs were positive linear, negative linear, increasing
quadratic, and decreasing quadratic. In terms of the covariational reasoning framework (Carlson,
Jacobs, Coe, Larsen, & Hsu, 2002) student responses (Table 5.1; reproduced from Table 4.8) were
analyzed in terms of attending to direction of change (L2) and amount of change (L3). Students
that could match an increasing or decreasing table to a corresponding graph, but not necessarily a
linear to linear and quadratic to quadratic, were coded L2 for either increasing or decreasing.
Students that also matched linear to linear and quadratic to quadratic were coded L3 for they
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demonstrated some the ability to attend to the amount of change. A summary of the results are
shown in Table 5.2 (reproduced from Table 4.9).
Table 5.1: Student Level Coding for Item 1 (n=15)
Pre-Assessment
Post-Assessment
Reasoning
Reasoning
Student T1+ T2- T3+ T4Level
T1+ T2- T3+ T4Level
4773M
B
C
A
D
L2
B
C
A
D
L2
OZM7Q B
D
A
C
L3
A
D
C
B
ND
4IK26
D
C
A
B
ND
A
D
B
C
L2
DEN5R
A
C
B
D
L2
B
D
A
C
L3
D0S98
A
C
B
D
L2
B
C
A
D
L2
8B878
B
A
C
D
ND
B
D
A
C
L3
65MKY D
B
A
C
ND
B
D
A
C
L3
8GOK4 3.4 2.5 5.4 61
ND
8
16 24 32
ND
BSONF
B
C
D
A
ND
A
B
C
D
ND
V25TF
B
D
A
C
L3
B
C
A
D
L2
O9XQ2
B
D
A
C
L3
B
D
C
A
ND
02B00
A
C
B
D
L2
B
D
A
C
L3
BPJZ5
B
D
A
C
L3
B
D
A
C
L3
52V9N
B
D
A
C
L3
B
D
A
C
L3
CS9LZ
A
C
B
D
L2
B
C
A
D
L2
Table 5.2: Summary for Item 1 (n=15)
Increasing
Pre
Post

Decreasing
Pre
Post

Both
Pre

Post

Attended to Direction (L2)

10

11

10

11

10

11

Attended to Direction and
Amount (L3)

6

10

5

7

5

6

Of the 15 students in this sample, 10 (67%) were able to attend to the direction of change
for both the increasing and decreasing functions. This is somewhat surprising in that all of these
students had completed the Algebra I curriculum at the time of the study and it seems reasonable
that they would have the ability to read and describe a graph and dataset in terms of the direction
of change. This is a critical point because the ability to read a graph or data table is a fundamental
skill that students will need throughout their life as such representations of data permeate our
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world. For instance, how will students who can’t understand fundamentals of graphs make sense
of amortization schedules when analyzing home mortgages later in life?
The reason that some students could not attend to the direction of change may stem from
the instruction that they have received over the course of the year. In my personal experience as a
math instructional coach, the instruction in Algebra I rarely takes a big picture approach and is
instead focused on the minutiae of procedural tasks. When presented with linear tables, students
are most likely asked to determine the slope and intercept in order to write a function rule or graph
the data. In some cases they may be asked to determine whether or not a tabular function is linear
or not, but rarely are they asked qualitative questions about data sets devoid of calculations. In
addition, if the table is determined to be non-linear then the students are rarely asked any additional
questions. The same case applies to graphs. For linear graphs, students may be asked if it is
increasing or decreasing or tasked with comparing two or more graphs in terms of slope and yintercept, but again the focus is normally on determining a function rule. For non-linear graphs,
there is much less instruction and instead students are focused on identifying the general
characteristics, such as the extrema for quadratic or the effects of changing the parameters on the
graph. Again, this is all from my personal experience so future studies could look at the type of
instruction that is occurring in terms of qualitative analysis of table and graphs and the links
between the two. In addition, it would be interesting to see the effects of such instruction on
student understanding of functions and rate of change.
Of the ten students that could attend to the direction of change, only half of them could
then distinguish between linear and quadratic functions by attending to the amount of change (L3).
Again, this is most likely due to the instruction that the students have received and the focus on
procedural skills, however, as stated above, part of the standard instruction in Algebra I is
determining whether or not a table is linear. It seems reasonable that students that could identify
the direction of change could then classify the table as linear or not and then match it to the
corresponding graph. In looking at the student responses, however, there wasn’t a single response
which included some sort of arithmetic on the tables that would allowed them to do so. Perhaps it
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was the qualitative graphs that threw them off. Students may have been so accustomed to
generating slope and y-intercept and then matching to a quantitative graph that they couldn’t
transfer this to a different sort of task. It is difficult to make a definitive conclusion because I only
have the students’ written responses. In future iterations of this study, clinical interviews should
be included in the data collection in order to better determine student thinking on the tasks.
The activities appeared to have a slightly positive effect on the students reasoning abilities,
particularly in dealing with increasing functions which was the focus of the activities. Overall,
five students moved to a higher level between the pre- and post-assessment, although two moved
down while eight had no change. These results are summarized in table 5.3, reproduced from table
4.10. For the subset of increasing functions, 6 students demonstrated L3 reasoning on the preassessment and this increased to 10 on the post assessment. Again, although decreasing functions
were including in the activities, the majority of the tasks revolved around increasing functions.
Although there was an increase, the sample size and method make any kind of statistical analysis
meaningless, therefore I cannot make any generalizations. In future studies the sample should be
large enough and random so that the effects of the lesson treatment can be statistically analyzed.
In addition, the activities should include a more balanced number of increasing and decreasing
functions.
Table 5.3: Changes in Student Reasoning Levels on Item 1 (n=15)
Type of Change
No Change
ND to L2
Positive Change
ND to L3
L2 to L3
L3 to ND
Negative Change
L3 to L2

Number of Students
8
1
2
2
1
1

One interesting note about the above results is that on the post-assessment, four students
had arithmetic on the tables demonstrating some covariational reasoning whereas on the preassessment there were none, as mentioned earlier. Figure 5.1 is an example of this. While none
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of these students increased their resultant coding, it seems that the activities were somewhat
successful in bringing covariational reasoning to the forefront of the students’ thinking.

Figure 5.1: Student Sample from Item 1 on Post-Assessment
5.2.2 Item 2
The second item on the assessment presented a scenario in which an elevator is descending
along with a floor number versus time function in tabular form and are then asked three separate
questions (Figure 5.1).

Figure 5.2: Item 2 from the Pre/Post-Assessment
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For the first sub-item, 10 students answered correctly (floor 0). Determining the correct answer
using covariational reasoning would include extrapolating the data and then interpolating between
values (Confrey & Smith, 1994). Figure 5.3 shows an example of student work. Only five students
showed evidence of using this method to correctly solve the problem while one was able to
extrapolate but couldn’t interpolate between values and responded with -2 as the answer. Three
others determined an equation to answer the question and one did not provide any work supporting
their answer.

Figure 5.3: Student Sample for Item 2
This most interesting aspect of these results is the number of students that took a covariational
approach (6) versus developing a function rule (3) to answer the problem. While this supports the
claims of previous researchers (Confrey & Smith, 1994; Ellis, 2007) that students will naturally
analyze tables by moving down the columns in a covariational approach, it is most likely not what
Algebra I teachers would expect. As discussed earlier, a great deal of time during instruction on
linear functions is spent developing function rules from tables by determining the slope and yintercept or analyzing a table from a correspondence perspective. This approach ignores students’
inclinations and, based on the results for this item with 3 of 15 students developing an equation, is
not effective. Instead, instruction should focus on the covariational approach in the beginning and
allow that to develop into an algebraic representation, or function rule, without skipping directly
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to the mechanics of finding an equation. Future studies could look at the development of student
reasoning as they move from a covariational to a correspondence perspective.
The second sub-item asks students to state the rate of change of the elevator and explain
their reasoning. This question is an attempt to probe student thinking of rate of change as a “unit
per unit comparison” (Confrey & Smith, 1994, p. 153) which is indicative of covariational
reasoning. Student responses were analyzing terms of the form that they took and not correctness.
Of the 15 responses, 6 responded with a number per number while 6 others provided an integer
devoid of units. The remainder either reported a ratio without units (n=2), or left it blank (n=1).
These results are summarized in table 5.4 (reproduced from Table 4.15).
Table 5.4: Summary of Item 2b Coding Pre/Post (n=15)
Coded
Level
ND
INT
PER
RATIO

Description
No determination
Reported Rate of Change as an Integer Without Units
Reported Rate of Change as a # per #
Reported Rate of Change as a Ratio Without Units

PreAssessment
1
6
6
2

PostAssessment
1
8
6
0

These results indicate an impoverished understanding of rate of change in this sample of students.
With this type of question, it seems reasonable that the students would determine the slope from
the table, a major skill developed in Algebra I, and report the results. It is in the reporting of the
results that the depth of understanding becomes apparent. The students that responded with either
and integer or ratio, sans units, may not have an understanding of slope beyond the arithmetic and
geometric whereas the students that responded with a # per # have a deeper understanding of slope
as the functional property of rate of change (Stump, 1999). Although Confrey and Smith (1994)
posit that taking a covariational approach to functions can lead to the # per # analysis of rate of
change, it doesn’t appear that this set of activities was able to accomplish this with no change in
the number of students that reported the rate of change as such between the pre- and postassessment. The primary factor that may have contributed to that is the lack of tasks in the activity
that built the concept of reporting # per #. In activity 2 (Toy Cars), students are given data tables
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for the motion of a car and asked to compare the speeds of the car, however, in looking at the
student responses, it seems that students had difficulty making sense of speed as a rate of change
(in this case meters per second). This is what Thompson (1994) refers to as ratio as measure. In
this article, Thompson describes a sequence of activities that allow the students to make sense of
changing quantities and then construct a ratio that describes the rate of change. Activity 2, which
is centered on the data of toy cars in motion, should be altered to incorporate this sequence so that
students develop an understanding of speed. In order to do so, the activity should not provide the
data to the students, but rather have the students collect actual data in order to progress through
the stages outlined by Thompson (1994).
The final sub-item for the second item asked students to graph the elevators position over
time. Students that sketched a decreasing linear function were coded L3 for they appeared to be
attending to the direction and amount of change, while those that graphed a non-linear decreasing
function were coded L2, and students that graphed an increasing function were attending to neither
the direction or amount of change and were coded L1. The remainder were coded ND. The results
are summarized in table 5.5 (reproduced from Table 4.17).
Table 5.5: Summary of Item 2c Coding Pre/Post (n=15)
Coded
Level
ND
L1
L2
L3

Description
No determination
Identifies change but does not coordinate direction or
amount
Coordinates the direction of change
Coordinates the direction and amount of change

PreAssessment
3

PostAssessment
2

2

0

1
9

0
13

These results stand out when compared with those from the increasing sub-items from item
1. On both of these, 10 students were coded at least L2, however, for this item 9 of those 10 were
coded L3 while only 6 of the 10 were coded thusly on item 1. One factor that may have influenced
student thinking was that on this item the students needed to apply covariational reasoning to
answer part a so the movement to the graph may have been easier. In item 1, no student performed
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any arithmetic on the tables as stated earlier which may have made the translation more difficult.
Of course, this is not definitive and in order to really get a grasp of student thinking, subsequent
iterations must include clinical interviews as stated earlier.
The other result that stands out is the increase in students that successfully completed this
item after the treatment. After going through the activities, all but two were able to produce a
decreasing linear graph from the data table. As discussed previously, this might be due to the
focus on such functions in the activities.
5.2.3 Item 3
Item three presented a non-linear position versus time graph to the students and asked
several questions about the speed of the car (Figure 5.4).

Figure 5.4: Item 3 from the Assessment
In light of the previous discussion about student difficulty with understanding speed as rate of
change and students’ apparent weak understanding of rate of change in general, it is not surprising
that students could not complete this task successfully. Most students ignored the label on the
graph and read the graph as speed over time, while the remainder were stuck in iconic transfer and
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read the graph as a map of the car’s motion (i.e. moving up and down hills). Those that read the
graph as speed over time may have been reverting to the task of reading the inputs and outputs on
a graph, a common task from the correspondence perspective. There is nothing from the student
responses that falls within the scope of this study, however these results do raise some interesting
questions. When students look at a graphed function, what do they see? In figure 5.4, what does
that red line mean to students? Do they recognize that the static picture they see is a “snapshot”
of some dynamic process or do they just see a series of connected points? These are interesting
questions that could be investigated in the future. There were portions of the activities that dealt
with non-linear graphical functions, however most students never reached that point so I can’t
make any comments on their effectiveness.
5.2.4 Item 4
The final item on the assessment asked the students to create qualitative graphs from three
different scenarios. For the three items, only one student on one sub-item, was able to produce the
correct graph on the pre- and post-assessment. It is not possible to ascertain this, or any other
student’s thinking without clinical interviews, however, it does seem that students had difficulty
thinking about changing quantities in the world and how a graph of those changing quantities
might look. The reason for this is most likely what has been discussed before, that instruction is
focused on procedural knowledge and rarely are students asked to take a step back and make sense
of what they are looking at. In addition, when students are provided with scenarios, they are most
often given quantitative information so the context is not important. They don’t see how math is
used to model real world phenomena, just how to apply the tools to given numbers. The activities
included scenarios, however it was in the final activity that students were asked to create code
from qualitative verbal scenarios and only two students reached that point.
5.2

LIMITATIONS
There are two major limitations to this study that must be addressed in future iterations.

The first limitation is that the time allowed for conducting the assessments and activities was
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restricted by the school district IRB approval process. The initial forms were submitted to the
school district in early October with the intention of conducting the study prior to the winter break
in mid-December in order to have the least impact on instructional time, which the cooperating
teachers had agreed with. The school district’s IRB committee meets once per month so there
were two scheduled meetings prior to the beginning of November. After the October meeting, the
IRB coordinator informed me that I had to resubmit the information on forms that had a newer
logo. I did so in time for the November meeting but did not receive the final letter of approval
until late January. I spoke with the teachers that agreed to participate in the study and we agreed
to confine the study to the weeks leading up to spring break. This was a small window of time in
which the teachers were nearly done with the curriculum and were preparing for the state test
review that would occur after returning from spring break. The original intention had been to take
up to five class periods to complete the activities and because there were two different sections
and I could only attend one at a time to observe, that would take approximately four weeks as we
would do one section for five periods and then the other. Because of the time constraint, this
wasn’t feasible so we had to combine the two sections in a larger classroom for the activities and
limit the time frame to a maximum of four class periods.
Overall, the delay in obtaining district IRB approval created some major obstacles and
corresponding limitations to the study. In the future, I will obtain school district approval in the
spring before the school year in which the study will take place and restrict the study to one class
of students. This will allow me to coordinate the activities with the cooperating teacher prior to
the beginning of the year so that they complement the planned instruction, such as during the linear
functions unit in the fall. In addition, having approval prior to the beginning of the school year
will allow us to plan for enough time to conduct all of the activities.
The second limitation concerns the teachers that participated in this study. While going
over the activities with the two teachers, a few issues arose. First was the teachers comfort with
the programming aspect of the activities. The programming environment, language, and structure
were new topics for the teachers and although they were able to make sense of it and complete the
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tasks, it didn’t seem that they were entirely comfortable with the programming by the end of the
meeting. This was important because they served as the facilitators during the activities which
seemed to have been hampered by their comfort level. Instead of guiding the students through the
activities through normal pedagogical strategies such as whole class discussion and checks for
understanding, the students were left to work through the activities on their own.
Another concern that arose during the interactions with the teachers prior to the lessons
was their understanding of rate of change. Although both of the cooperating teachers are effective
Algebra I teachers, as evidenced by state testing results, their depth of understanding of the topic
of rate of change never became clear. This is not too surprising, because the study was focused on
student understanding and the teachers’ knowledge was not directly assessed. However, having a
deep understanding is critical in the delivery of the lesson in order to support students as they move
through the activities.
In order to address both of these issues, it is critical in future iterations to work extensively
with the cooperating teacher prior to and during the study. This should include both work in rate
of change in general with a focus on the covariational framework as well as development of basic
computer programming knowledge. In addition, a detailed set of lesson plans should be developed
and adjusted as we move through the activities, taking student thinking and progress into account.
5.3

IMPLICATIONS

5.3.1 Classroom Instruction
There are several implications that can be drawn from the results of this study. First,
classroom instruction on rate of change needs to be much deeper than it currently appears to be.
The students in this study had great difficulty with any rate of change problem that was not linear
in nature and presented in a tabular format. This may be because Algebra I instruction remains
focused on the geometric and algebraic conceptualizations of slope (Stump, 1999) while neglecting
the functional property of slope as a rate of change. This is in spite of calls from the research
community and organizations such as the NCTM to broaden student understanding of this critical
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topic. This is not necessarily the fault of the teachers because instruction is driven by standards,
and the single standard that mentions rate of change in the core high school TEKs is that the student
is expected to “calculate the rate of change of a linear function represented tabularly, graphically,
or algebraically in context of mathematical and real-world problems” (Texas Education Agency,
2012). In this context, rate of change is synonymous with slope so it is little wonder that instruction
would remain focused there, however, teachers and curriculum leaders need to keep in mind that
the standards are the minimum and do not serve as boundaries of instruction.
This brings up the second implication which is that teachers’ understanding of the concept
of rate of change may not be as fully developed as is necessary to broaden their classroom
instruction. Although teacher knowledge was not a focus of this study, in my interactions with the
cooperating teachers their understanding rate of change and covariational reasoning never became
clear. In spite of numerous research articles on the topic and publications such as the NCTM’s
Developing Essential Understanding of Functions for Teaching Mathematics in Grades 9-12
(Cooney, Beckmann, & Lloyd, 2010) which explicitly calls for instruction in covariational
reasoning, it appears that this information is not making it into the classroom. This is not surprising
because teachers have very little time to read research journals and other publications and most of
the professional development that they are required to attend is focused on teaching strategies and
not the development of content knowledge. This is compounded by the textbooks that many
teachers rely on, particularly when teaching a new topic for the first time, which are mostly not
reform oriented and take into account recent developments in mathematics education. Practicing
teachers need to be offered professional development opportunites that do not detract time away
from instruction while offering them rich opportunites to develop both their pedagogical and
content knowledge.
Thirdly, students’ difficulties in dealing with verbal scenarios and graphs of contextual
situtations gives rise to the question of how they view mathematics. As stated previously, from
my experience, instruction in high school tends to be focused on the mechanics of mathematics
with students drilled on algebraic and graphical manipulations without ever having to make sense
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of what they are doing. Rarely are students given the opportunity to analyze a real situation by
searching for relationships between changing quantities and then using mathematics to model
those relationships in order to make sense of what is happening. More often, students are given
contrived situations and then asked to carry out the algorithimic procedures that their instruction
has been focused on. The narrow focus on the static side of mathematics neglects students’
development of understanding math as a way to model dynamic events and processes, a major
development in mathematics.
Finally, the use of computer programming might be a very effective means of teaching
mathematics. For this study, the mathematical learning goal of improving covariational reasoning
was not explicitly stated and there wasn’t any direct instruction on the topic. Instead, students
were making sense of programming in the familiar context of graphing points. Although the math
may have seemed hidden, it quickly came to the forefront of student activity. During the lesson
activities, I repeatedly saw students approaching linear and non-linear tables from a covariational
viewpoint just as described by Confrey and Smith (1994) and then translating that into computer
code. Not only did this hone students’ covariational reasoning, but it also opened the door to other
mathematics content. One student discovered the constant second differences of quadratics while
trying to determine the necessary code to produce a graph. This is something that is not normally
taught in Algebra I and rarely mentioned in Algebra II, in my experience. In addition, the level of
engagement was much higher than in a typical Algebra I class. This may have partly been the
novelty of the situation, but most students that I overheard or interacted were highly interested in
learning to program and were enjoying the activities, again something not in a typical Algebra
class.
In terms of rate of change it appears that classroom instruction needs to be much deeper
than it currently is and that teachers need a deeper understanding of their own. In addition, students
need to be provided with rich contextual scenarios from which they can develop their mathematical
knowledge and computer programming may be an effective means of allowing them to develop
that knowledge. The activities in this study were a first step in that direction. By working closely
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with an engaged teacher to revise and implement these activities, we may be able to develop a
sequence of lessons that effectively develops students’ understanding of rate of change and helps
bridge the gap between research and practice while simultaneously increasing the teacher’s content
knowledge.
5.3.2 Future Studies
This study was intended to inform my future study of functions and rate of change and
considering the findings discussed earlier here are implications for such studies. First, it is
imperative that I work closely with the cooperating teacher(s) while developing the lessons for the
study. There were certain instructional assumptions that I made, such as the use of whole class
discourse to solidify learning, which did not occur in this study which may have been a factor.
Therefore, the teacher(s) and I must work closely to develop the student materials and the lesson
sequence.
Second, the development of the activities should first occur with individual students or
small groups in order to facilitate the gathering of information on student understanding. This
study did not include interviews and it was quite difficult to determine student understanding from
student work, particularly when there was no work provided.
Finally, the activity sequence should be altered to incorporate both the major and minor
findings of this study. This includes having dedicated portions on the development of variable and
the programming language structure before moving into functions and rate of change. In addition,
student difficulty with contextual rates of change, such as speed, indicate that building up to ratio
as a measure should be incorporated, such as the framework provided by Lobato and Thanheiser
(2002).
With these changes, the investigation into student understanding of functions and rate of
change may be more enlightening and we may be able to develop effective activities using
computer programming that deepen student understanding.
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5.4

CONCLUSION
This study was intended to investigate the ways in which students reason about rate of

change and the effects of a series of activities, designed through a covariational lens, on student
understanding. This group of students showed a very weak understanding of the topic and the
activities had a very limited effect, however, the secondary purpose of the study was as a probe
for future revision and implementation and in that regard I feel that the study was quite successful.
With the information gathered during this process, I am confident that the activities can be
effectively revised and implemented. When I find a teacher that is excited about improving both
their own knowledge as well as that of their students, then we may be able to work to develop a
lesson sequence that effectively transforms student understanding.
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